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Fourier Series

Introduction

In Differential Calculus we are familiar with the expansion of a differentiable function
f(x) inthe form of a power series. Taylor'sseriesof f(x) about x = ¢ isaninfinite
series in ascending powers of { x -a) and Maclaurin’s series is an infinite series in
ascending powers of x. In many engineering problems it becomes necessary to expand
a given function f(x) in a series containing cosine and sine terms which belongs to
a class of functions called periodic functions.

In this unit we discuss various aspects of such series referred to as Fourier series.

As a preamble we briefly present two concepts connected with infinite sereies of
positive terms.

Convergence and Divergence of infinite series of positive terms

If u is a function of » defined for all integral values of #, an expression of the form

o+ iy + Uyt 1+ - -+ containing infinite number of terms is called an infinite

1 2 3

series usually denoted by 3° u_ ~ or simply 3 u .

n=1
1, is called the n™ term or the general term of the infinite series. The sum of the first
n terms of the series is denoted by s " That is,

S, = Uty tug et

A series Y u_issaid to be convergent if lim s
n — o=
>, is said to be divergent if lim 5, = 1 o
H -3 o

g = [, wherel is a finite quantity and
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Illustrative Examples

Example - 1
Let us consider the geometric series: a+ar+ arz +--
]_ n
LG Il 40 T ()
n 1-r
H
-1
and s =T o (@)
H r—1

Nowif | r| <1, ' - 0 as 1 — o and from (1) we have,

a .
lims, = 1=, (1-0) = l_tir which is a finite quanitity.

H — e
Hence we conclude that the geometric series is convergent for | r | < 1.

Next if r > 1, we have from (2),

#
, . a(r -1 ,
lim s, = lim (7]) = o, since r" — oo when r > 1.
B -3 sa B oo r=
Hence we conclude that the geometric series is divergent for » > 1.
Example - 2

Let us consider the series: 1+2+3+--- +n+---

nin+l)
Sn =14+2+3+-- «11 = Zn = ._.._-E
im s = lim nlnel)
n 2
H —r = H —3 oo

Hence we conclude that the series is divergent.

Example - 3
Let d th ._1_+_1.+_1_+
et us consider the series : 12723 %34
th 1
Then " termu_ = —-
o on(n+1)

Further, u_ = 1 _1 - by partial fractions

"M T ny 1y "~ n nm+1 7P '
Now S, = M tUyFlgt U
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A A I S A A T S U O

v no 2 2 3) L3 4 * noop+1
or 8 =1——-'1--—
" n+1

. . 1
lim snzllm {]u;“--}zl—(}:l, a finite qty.

H — = n — =

Hence we conclude that the series is convergent.

Periodic functions

A real valued function f(x) is said to be periodic of period Tif f(x+T) = flx),
T>0.

k {constant), sin x, cos x are periodic functions of period 21 as we know from
trigonometry that

sin{(x+2n) = sinx, cos{x+2mM) = cos x
Alsoif f(x) =k then f(x+2n) = k

Further we also have a property stating that A linear combination of periodic functions
having period T is also periodic of period T.

Trigonometric series and Euler’s formulae

The functions k&, cosnx, sinnx (1 =1, 2, 3, ...) are all periodic functions of
period 2r. Taking the constant k = a,/2, the linear combination of all the periodic

functions is of the form :

a = -
0 . .
5 * 2 a,cosnx + 3 b sinnx
n=1 =1
where a,, bn (rn=1,2,3, ...) are all constants is called a Trigonometric series.

Hence any function f{x) expressible as trigonometric series of the above form must
also be periodic with period 2n.

We shall assume that f(x) is defined in an interval of length 2z, say {(c, c+2m)
and be considered as periodic with period 2n. Then we have,

c+2n c+2R c+2n

jf(x)dx a, % jf(x)cosnxdx b, = If(x)sinnxdx

c

Al-

1
a, = —
U

.+ b, arc called Euler’s formulae. These can be

established with the help of the following basic formulae.

The expressions for finding a,, 4
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c+2n C+2n
1. I cosmnxdx =0 = j sin hx dx
C C
where 7 is a positive integer.
c+2n c+2n
2, I cosmx cosnxdx =0 = J sinmy sinny dx
c C

where m and n are positive integers , m # n
¢+ 2n
3. I sin mx cos nxdxy = 0
c
where m and n are positive integers.
c+2n c+2n
4. I cos’nxdx = 1 = _[ sin® nx dx
[ [
where 1 is a positive integer.

Proof of Euler’'s formulae

a, Cosnx + 3 b sinnx D

o
Let f(x)=?+
1 (IR

"

T gl

Integrating (1) w.r.t x fromcto ¢ +2m,

c+2n c+2n c+2n c+2n
g = -
If(x)dxz J. 5 dx + 3 a, _‘.cosnxdx+ > b ‘[sinnxd:r
I I n=1 I no=1 '
%o c+2n .
=, 1xi, +0+0, by using (1)
c+2n
%
ie., Jf(x) dx = -2—--[£+2n»c]=n0n
;
1 c+2n
= [ f(x) ax O
<

Next, taking the expanded form of (1), multiplying by cosnx and integrating
w.r.t x from ¢ to ¢+ 21 we have,
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O+ 2 C+ 2R C+ 21

J f(x) cosnxdy = _[ cosnx dx + a J COS HX - COS ¥ dx
L [N 8
C+2n c+2n

+1, I cos nx cos2xdx+--- +a, J.cos.2 nx dx+
¢ C
£+ 20 c+2n

+ b.E J sin x cos nx dx + b2 _{ sin 2x cosnxdx+---
'y .

Using the basic results appropriately onto the R.H.S of the above we have,

c+2n
‘[f(x) cos nx dx = O+0+-~+a”n+0+0+~- =4, 7
c
c+2n
_1 I
a4, = f(x) cosnxdx o (3)

c

Similarly, multiplying the expanded formof (1) by sin nx and procceding on the same
lines we obtain

c+2n

b =11f I f(x) sinnxdx {4

n
c

Thus we have established Euler’s formulae.

Remark : The constant term in the series (1) is taken as a,/2 5o as to make the formula

derived for a, valid for the particular case n = 0 as well as for any positive integer n.

Fourier Series of period 2n

Suppose we form the trigonometric series from f(x) defined in (¢, ¢+2m) with
the help of Euler's formulae we cannot conclude that the series will converge to
f(x). Wecanonlysay thatwhen f(x) isof the form (1) the coefficients of the terms
in the series are given by the formulae (2), (3), (4).

We now proceed to state the conditions known as Dirichlet’s conditions under which
theexpansionof f(x) asatrigonometricserieswillconvergeto f(x) ateverypoint
ofcontinuity.

1. f{x) is single valued and finite in the interval (¢, ¢+2m)

2. f(x) is periodicwithperiod 2n
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3. f(x) has only afinitenumber of discontinuities in (¢, c¢+21)
4. f{x) hasatthemosta finite number of maximaand minimain (¢, c+2n).

Thus we can say that, if f(x) isdefinedin (¢, c+2n) and satisfies Dirichlet’s
conditions, then the trigonometric series (1) is called as the Fourier series of f(x) in

(¢, ¢+2n). The constants Ay, 4., bn as given by (2), (3), (4) respectively are called

Fourier coefficients.
Remark : If f(x) is discontinuous at x, then the series (1) converges to
% [f( Xy Hf(x )] where f(x7), f(x7) are respectively right hand and left hand limits
of f(x) given by

f(xTy =1t f(x+h), f(X)=UI f(x-h), h>0

h—0 h—{
However at the end points f(x) converges to ; [f(c)+f(c+2n)}

Note : Bernoulli's generalized rule of integration by parts

While finding the Fourier coefficients, in most of the problems we have to perform integration
of a product with the first function as a polynomial in x. In such cases Bernoulli’s rule as given
below will be highly helpful.

j uvdx = u Iv dx -’ ”U dx dx+u” ”jz: dx dx dx—---
Here are a few illustrative examples.

3x 3x
3x _ £ _ e
1. Jxe dx—x{3](1)(9w

4

2. I (x+x2)cosnxdx

= (x+%°) (%ﬂ%]—(1+23‘) [—cgznx\urz [_Sp;lx]

n ) "
The following integrals will be useful in problems

ax

1. _[e'“ cos bx dx = — (a cosbx +bsin bx)

2t + b

X

I ¢ sinbxdx = --;-—----2- (asinbx ~bcos bx)
a + b

L
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The following values will have frequent reference in problems when n is an integer.
1. sinnm = 0 2. cosnm = (-1)"

In particular cos(2n)m = +1,cos(2n+1)m = — L.

That is to say that cosnm = +1 when n is even and is equal to ~ 1 when n is odd.

Remark : It is also possible to deduce a particular series from the Fourier series of a gtven
f(x) in a given interval. We have to substitute a suitable value for x in the given interval.
Normally we take the values to be either of the end points or the middle point. The resulting
series will be equal to the value as discussed in convergence.

WORKED PROBLEMS

1. Obtain the Fourier series of f(x) = Eg-—}f in 0 <x<2n.  Hence deduce that
1 1+l—1+
3 5 7

>> The Fourier series of f(x) having period 2m is given by

a - -
f(x)=30+z 4, cosnx + ¥ b, sinnx (1)
=1 =1
2n 2n 2n
where a, = 1 Jf(x) dr,a_ = L Jf(x) cosnxdx, b = 1 f(x) sinnxdx
' CTe G T o hnoq EREC 1
0 0 ¢
2n 5 21
L pna-x, _ 1 x” _ 1 NP
Now, aU_Eé[ ) dx_Zn{M 2:L = o (21'[2 2n°)y-0" =10
4 =0
1211
T—Xx ‘ . y
a, =~ [_]‘. 5 cosnx dx. Applying Bernoulli's rule
1 sin nx | [ — cos nx o
) - k
—— _ idunkab A U | e
i Zn[(n x){ 1 J ( )|-\ " ”0
=;15 [cosnx]n, since sin2nm = 0 = sin0
2nn U
= — 2 [costh—cos[]]=0, since cos2nm =1 = cos 0
2nn

a =0
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2n
1 —x
- J. E"Z * sin v dx, Again by Bernoulli’s rule,
0
1| ( —cosnx | ‘ —sin #x o
by = oo (m=x) | STy [ TR
"o 2n i t " J I
= — (T—x) cosnx 2HH]
T 2mn L T JU
-1 . N -1 1
= o (\—nms2rm—nc0&0) = 5o (-m-m) = .
b =1/n
H
Thus by substituting the values of ay, a,, b in(l), the Fourier series is given by

T—Xx o1
f(x)= 5 _,,¥1 ,, Sy

To deduce the required series we put x = 1/2 in the Fourier series of f( x ).

[Notethatat x =0 or 2n, x =1 RHS of He Fourier series becomes zero and lence
wehry x =m/2 € (0, 2n)]

| Cnm
= sinl -
f(r2)y=% g S

o=

) R—(n/2) «~mm 2 sinm osin(3n/2) sin( 5n/2)
Ie., T, = _ L 3 +s8in2n+ 5 +---

2. Obtain the Fourier series for the function ¥ oin - < x €1 and hence deduce that

P U R T
12 22 3 4 12
n 2t et ~ 6
i) LU NS S n?
111 - = - - ces = e
12732 527 2 q

>> The Fourier series of f(x) having period 27 is given by
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a, = o
f(x)=-5+2an cosm‘+2b” sin ux D

where the Fourier coefficients a4, a, , b aregivenby Euler’s formulae.

i
1

=1 =1

n n
= If(x)dx— % dx
-n -7
T
1] 4 1 5 5 2 ot
Tal3) Tan TOUM T =g
dx

n
1 1
= _[f(x) cos nxdx = n I x> cos nx dx
-n -7

Ai—

M !
n /f N

2 n . .
=-", [xcosnx| L Since sinnt = 0
y _

T

. {(ﬁ) [sinnx}_.(zx}{jcoznxwﬁz){_

2 }
5 M COSMM—{~M) COs NTL L, since Cos{—nm) = cos nn

H
2
— 21 cos 1T,
T
_ 4y
n2

n n
1 1
n _[f(x) sinhx dx = . ‘[ ¥ sinnxdx
—R

-7

N

1 - [ —si
- [(XZ)[_(%IE]_(M)]& g:;"xJJr(z){

COS HY
I’I3

.

1{-1 2
=—{? (nzcosnnunzcosnn)ﬂn— ( cOS NI~ COS HR )
s

n3
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Thus by substituting the valuesof 4, a, , b, in (1) the Fourier series is given by

f(x) = ¥ = n2 + E: 4(=1) oS HY . (2)
n=1

3 "

Deductions: Putting x = 0 in (2) we get

2 ce n
4(-1
f(0)=%+ ¥ A 2)— cos
=1 1
2 o H
. 4 (-1 .
ie., O=%+ ZI(T), since f(0)=0210;c05{}=1
H =
RS <N et S NN S
Y 32 22 g J
2
Tt 1 1 1 1

2 S n
4{-1
f(?t):% +§ (nzl- COS NI
, = (1)
ie., = %2 +4z£—--2--- (~1), since f(m) =1’ and cosnm = (-1)"
1 n
2 o 2 -
. 1 2 1
., nz—%z-ﬁlz—z or %-=4Z 5+ Since (—1)2”=+1
1 H 1 M
1 1 1
nm_1 1. 1 1. Q)
6 12 22 3t 42
Now adding (1} and (2} we get,
2 2
o _, 1 1 1
12+6_2 12+2 32+2 52+
11'—2—2 l+l+ ! + |
o 47712 2
/
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3. If f(x)=x(2n-x) in 0 £ x < 2n show that

2
2m cosY cos2x  cos3x
f( X ) — 5 _ 4 _1_2_ + ._2_2_ + - 32

2

T 1
Hence deduce that e ? 32 r__)z

>> The Fourier series of f(x) having period 2m is given by

a - .

f(x):—29+2an cosnx + 3 b sinnx (1)

n=1 =1

2n

Now a, = | fx) dx =% [ (o -2y dx
0 0

L 2 2 _1 5 88 47
nn_n{nx—SJO—n(‘?ﬂ*E,’)*?,
a,/2 = 20/3
1 2m 1 2n
"o jf(x)c:osm‘dx:;i I(znx—x“)cosnxdx
0 0
1[ sin nx = cos nx —sinnx 12::
= | (2mx - 2%) ——---—--—;-(Zn—sz—--——‘—----‘ l+(~2) | ——
noon n S |: 2 l
L ; 5 / \ iy
1.1 I
= O0+-—(2r—-2x)cosnx+10 , = ---—§(~2th052nn—27tc050)
n ne I o
L Ly
__4 :
a, ="~ (cos2nm =1 = cos0)
#
2n 2n

1
b = 1 Jf(x) sinnxdx = — J (an-xz) sin 7x dx
(i "o
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1 - COS HY [ - sinnx —cosnx Y |
bnzg{(hr—xz)f“ S—;J—W—{Zn—l‘r) =3 ]+(—2)( -—-5—--112
}

L J H el J

hS
2n
2
= 1 [U‘i—{] + % COS nx ‘

m n 3 !
A}

[(2ﬂ:x—x2) iszeroat x=0, 2n and sin2xum = 0 = sin0]

H

2
—3 (cos2nnt—cosQ) = % (1-1y=20
n T

b =0
"
Thus by substituting the values of 8y, a,, b in(l)wehave,
2 .
-4
f(x) = Imx - x% = 2% + 2] ”—2 COS HX
H =

Expanding RHS by putting n =1, 2, 3, ... weget,

. {2)

n2 Cos X cos 2y cos 3y
; 4 R -l PR

2
(x)="" =
f R
To deduce the required series we shall first put x = 0 in (2).

Since f(x) = nx—xX in 0 < x < 2n, f(0) = 0 and hence (2) becomes

2 Y _ 1
0 o -4 —1§+l2+l2+--- ' or ___211% = -4 (%+—2+—1- + -
12 2% 3 ) 3 L1

LT T )

Again putting x = n in (2), f(x)=f(n)= 211(11)-1:2 = * and hence (2)
becomes ,

m? 1 1
nzz——4‘i2cosn+--—2-c052n+-;,cos3n+---w
5 |1 2 ¥ )
2 ' 2 /
5 2n -1 1 -1 ) T (1 1 1
- = =4l — + =+ - ©of =4, — =5 + 5 -
3 (1’ 22 32 ) 3 L1222 3
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Now adding (3) and (4} we obtain,

2 2 { 2
N SO B S T~ _,(1 1 1
6+12—2L12+32+---] Or 4—2(12+55+5—2+J
2
1
Thus n=_+l+__+

X

4. Obtain the Fourier series to represent ¢ from x = —n to x = n. Hence derive the

series for —
sinkt

>> The Fourier series of f(x)having period 2r is givenby

a, coshx + 3 b sinnx (D

a
flx) =5 +
1 n=1

H

[ gl

b T n
] 1 1 .
a :;[-J‘f(x)dx, anzgj‘f(x}cosnxdx, bn=ijf(x)5mmfdx
_n -

0
- -
"l n
Now, a,= - I ¢ " dx
T
-7

an
T
_ 1 —ax
= - e oS 1Xx dx.
H b
-

We have the standard formula,
'y

jc’”x cos bxdx = =5--5 (acosbx +bsinby)
a +b

=

1 [_ e—*ﬂx !

a = Pl R S (—acosny+nusinnxy) |

—-a)Yy +n
L (~a) 1,
s

- .7
T a2 + n2 y -

- 00X . . .
{e‘ cosnx}ﬂ, since sinan = 0 = sin{-nm)
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-1 i -
a, = —=—3— | I cosnm—-T cos(—n:’t)|l
n(a +n)
TACOSAR  —am_ AW a(-1) an _ _—dn
- — . - } - - _2 2_ (E' - )
Tt(ﬁ‘ +n} n{a +n°)

2a( 1) _sink an

Tc(a +n? )

b

¥

It

1 _ .
- J ¢~ sinnx dx.
s

We have the standard formula,
N

_[eax sinbrdx = ,-—3 (asinbx—bcosbx)

a+b
l |7 F—ax !
b, =~ | =75 (~asinmx-ncosux)
Tl (-a)y+n |
L4
- n
—n F
== | e T cos nx}
ni{a +n") T

The function to be evaluated between the limits -t to 7 is same as in a,
_ 2n(-1)" sinhan

e a’ +n? )
Substituting the values of By, . b

b

H

in (1) the Fourier series is given by

n
. .‘. = — n I _1 n
flxy = S 2a( __1-;}_)___211_121_19_11 sy + T %ﬂ___)_ E.l;ff an
an ?fi'-l T[(au+n ) ;;:[ n(ﬂ +ﬁ' )
_ i 24 = 2an(~1)" |
Thus e * = sinfiaz L HGEVE cosnx + 3 an(=1)" smn_ﬂ

1 ﬂ2+?‘l 1 dz+n j

To deduce the series we shall put @ = 1, x = 0 in the Fourier series.

infrm | =1y
0o 2T L) 2t ,}) b osince cos0 =1, sin0 = 0
n E 1 1+n° |
nh -1 = 1y
BT S ) iV i B TP
; R I~ sinfim T l+n

nnx
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. n -1 1 1 1
te., = 42 s e
sinjt 1 (1+1° 1+42° 1+43% 1+4
11 1 \
—1*1+2[§—'.I—6+1—7"—‘--J
T 1 1 1
Thus sinhn_2(5_10+17_“'}

5. Find a Fourier series in (—m, m) forepresent the following functions .

(a) f(Jr)zx—;\r2 {b) f(x]=x+l2

Hence deduce that

@ =1 1.1 1.
12 92 22 " 32 42

(ii) 112 — _]L_ + l + __1__ + --1—- + .
6 12 22 32 42

(iii) i A

; e 1 1 1 1
8 12 3t 52 72

>>(a} Periodof f(x) = n~(~x) = 2rand the Fourier series of period 2rn is given by

q L]
0 : .
flx)y =5+ ¥ acosnx+ 3 b, sinnx where
o= 1 n=1

K1Y n .
ag"—-i jf(:t:)dx,.aﬂ:}T Jf(x)cosnxdx, bn:-;lE jf(x}sinnxdx

-n -7 -n
T 2 3 T
_ 1 2y o L] XX
aU_E I(x—x)dx—n{z—a}
-1 “ —n
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J.(xwxz)cosnxdx

a, = —
-
_ Loy s J o [zeesmx) [ osinax ) "
= (=) o) H3J
. . -
= 1[(1—~2x)c05nx]n 2! (1-2r)cosnm—{(1+2m)cosnm;
i’ T a2 I
-4 4
anz?cosnnz—ﬁj{—l)”
4(-1 wH+1
1 n
- J(x—xz)sinﬂxdx
-1
m
1 - i '
== (x- rz){ CO&EJ—(?&—?_Y)( -S-‘%E}(—Z)[EOS;XH
n n n
-
1] -1 n
= — —{(n-:rr‘)cosrm—(—n—n2)cosnn—g(cosnﬂ—cosnﬂ:)H
n n }13
1 ) -2 "
bnz—&}-’-}-(.?nmsnn):7(*-1)

L2, m+
b —n( 1)

[

The required Fourier series is given by

2 ( 1 n+l cno( )n+1
X - xz——+4z—- cosnx + 2 Y n —- 8L HX (1
n? 1

To deduce the series, fl].'St letus putx = 0 which is a point of the interval
(-7, 7). Hence (1) becomes

n+1
% 140

I\J
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oo E_1L cr_1 L)

#Z 1 1 1 1
12 42 22 32 ¢

Next let us put x = min (1). Since f(x) = x — ¥ is defined in = & < x < 7 the value
of f(x) at x = m being f(m) is given by ; [f(-n)+f(n)] which being

é [(—n—n2)+(n~n2)} = -1’

Hence (1) becomes

R _ 1'[2 . ( n +1
-7 = —3 4 ¥ — S—cosnmn + 0
1
41
. g (=1 :
i, P+ =45 (=1 , since cosnm = (-1)"
3 ] 02

ie., - = - 5,

or _%z.___+__+_+.- 4 ... )

L L il .. 3)

(b} Fourier series of f(x) = x+ x¥* in =7m<x<n on similar lines can be obtained
in the form

2

x+xz=%+4

)H+1
~sinf x

(—12)— cosnx + 2 Z

;-uMz

All the three series can be deduced in a similar way.
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X in 0€x <7
2n-x In T < x<2n

If f(x)=

.M 4| cosx cos3x  cosbrx
[0, 2n] is 5= | 03R4 S L 90N
n 1 3 5
®_1,1 1

>> The Fourier series of f(x) having period 2n is given by

a w -
f(x)=5+ 2 a4 cosnx + Y b sinnx.
n=1 n =1
127{ 1 T n
Now, agzi_[f(x)dxzﬁ _[f(x)dx+Jf(x)dx
0 0 n
1 T 2n
fe., a0=E ‘[xdx+f(2n—x}dx
0 Fid
n ) 2n
a2l o, x
“nll 2 )
0 n
_1) 2 2 T
.ao-TI {(2 -3) + (4n —21r2)—lZn ~
aU/Zzﬂ/Z
121r 1 n
an=j_—c-'|‘f(x‘)cosnxdx=1—r ‘[f(x)cosnxder
0 0
1 n 2n
a”:E Ixcosnxdx+j(2n—x)cosnxdx
0 i3
b
_1{ sin nx _ (1 = COS nx
N
0
I P D
N

show that the Fourier series of f(x) m

and hence deduce that

2n

If(x)cosnxa’x

2n

= COs Nx

n2

(=)

T

where we have applied Bernoulli’s rule to each of the integrals.
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1 b n
an:—z{[cosnx] - [ cos nx | l, since sinnm = 0 = sin0
nn 0 pis J
1
=—7-}(cosnn—l)—(l—cosnn)-, since cos( =1 = cos2nn
n
1 -2
= —— {-2+2cosnn) = -, (1l-cosnm)
2 2
n T
_2 i
o= l1-(-1y]
mn
1211 2n
bnz—'[f(x)sinnxdx— If(r)%mnrd1+_[j(x)smnxdx
TI:0 | n
) 2n
bnz— stmnxdx+_[(2n x) sin nx dx
i
0 m
_ \
_1 {x[ﬂq_m __f_J
T H J 2
2n
- CO8 XY —sinhx
{2m— r)( }—(—1) .
I K

-1 T _ 2
=——{[xcosnx] +[]+'|(2n:wx)cosnx '_ —0}
TH 0 . iy

1 -
b = — (mcosnn—-0)+(0-7m cosnm) =
oomn o

b, =10

n
The Fourier series representation of f(x) is given by

- 2 :
+ ¥ 2{_1—(—1)":‘ €os nx
n=1 UH

| 3

flx) =5

1-¢(-1) =2 if n is odd
1-(+1)=0if n is even

But 1-(-1)"= {

2 1
f(x)=g—— 3 — - 2 cosnx
n=1,35...
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Thus f(x)=£~:4 casx+cos3x+c055x+“.
2 m| 2 3 52

To deduce the series let us put x = 0.
Then f(x)=0 since f(x)=xin0<x <

Hence the Fourier series becomes

O_E_é{__l__+i+1_+ —r_-4f1, 1 1

T2 mi1? 3t s N R TR A
Thus i=l+}--+l+

B 12 32 5

7. Obtain the Fourier series for the function

- m -n<x<0
f(x) = {x in 0<x<m
the sum of the reciprocal squares of the odd integers is equal to n°/8.

Hence dedice that,

>> f{x) isdefinedin {(~n, m) and the Fourier series of f{x) having period 27
is given by

a w w
f(x)=50+ > a,cosnx + ¥ b, sin nx LoD
n=1 n=1
1 ¢ "
0= - [F(x) dx = ST axs [ ree) dx
-n [-r: 0
n
0 i3 0 2
ay = — J—ndxd-'l‘xdxl:— —n[x]_ +r:x?}
- 0 J T G

=3
<
1]
| —
T
|
+
SN
R
il
a =
.
|
M‘;}
| ka
. y
1l
|
SR |
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n
a, = % Jf(x) cos nx dx

-M

0 n
lj‘f(x) cos nx dx + If(x] cosnxdxl

[-n 0 |
0 n

I —mecosnrdx + I X COS r:xdx;
g 0 J

=

3~

0 b T

1 { sin n1x —‘ { sin mx :l [ - COS nX }
S I ) el + | oy A -11- —
7 # i ] n

- 0 [

where the integration is carried out by Bernoulli’s rule in the second integral.

1 n i _ . ,
a,=—3 [cosnx}o =--, {(cosnn-cos0), since sinuw = 0 = sin0
T -

L 1 nl
a_ = (-1)'=1f or a = — 1-(-1)
nnz{ } LA J

T
1
b = - in nx dy
11: ‘[f(x)smm 1

-1
1 0 T
= — Jf(x)sinnxderjf(:r}sinnxdx
T
l—n (]
1 0 b4 .
= - I—T[ sinnx dx + j x sin nx dx |
T
-n 4]
_\0 T n j
1 — COS X [ - CO8 MY —sinnx I
=—!{-R|—— +lx . — -1 I
s n | 1 n J
- 0 = 0
0 m .
1 | . , ,
= —— M cos nx | —-[xcosnx] ., since sinnn = 0 = sin0
n#H - 0 |
1

= ='n(cos(}—cosmm)—(ncosnn~0)?
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|
b, = 7:{; | 1~ cos nm—cos fin | = ~ (1-2cosnm)
1 ! M i
b, = - 1-2(-1)"
Substituting the values of Ay, B, bn in (1), the Fourier series is given by

-1 ,- 1
11-(- 1" ’Cosn:r+z —‘1 2(- 1) J sinny
1 nn n—ln

flx) = '_f +

n

u IV s

To deduce the required series let us put x = 0 in the Fourier series.

It should be observed from the given f(x) that x = 0 isa point of discontinuity and
hence the series converges to

s [ronesoy =5 [or-m )= F

Because to the right of 0, in (0, ®),f(x) = x and f(0") = 0. Also to the left of 0,
in (_TC, O)If(x) = -1 and ‘f({]_) = — 1

Hence the Fourier series becomes

—g= —%+ > —H]-' 1-(-1)", since cos0 = 1,sin0 = 0
=1 Tt?‘f
‘ T = 1 = 1 n
y -+ - = - - 1= (—=1Y -
e 5t 1 . n§1 b (-1)
0 " l%l‘-l { ])”E‘ornz—gl{l ( 1)”"
.y - = — - - —_y ' —_- - T -1 - |
4 nT R ! 4 1”2

But 1-(-1)" = {1—(+1)=Uwhenniseven

1-(-1) =2 when n is odd
1 Z 1 1 1

Henceweget - = Y — (2) Or = =4 — 4 4o
4 nwe=1,3 5 . ?12 8 12 32 52

Thus the sum of the reciprocal squares of the odd integers is 7°/8.

8. Obtain the Fourier series for the function

0 m-n <x<90 .
flx) = {Sin cin 0<x<m Dedvice that
T R O IV I S =
) 1.3 35 57 2 1.3 35 57 4



FOURIER SERIES OF PERIOD 21 23

>> f(x) isdefinedin [ -7, m] and the Fourier series of period 2m is given by

a e s
f(x):50+z a,cosnx + 3 b sin nx (D

n=1 n=1

7T 0 T
ay = %mjf(x) dx =-}I— jf(x) dx + J_f(x) dx

-7

0 n 1 n
aozl dex+Isinxdx =1 Isinxdx
n T
-1 0 ' O
- 1 2
aozi[wcosx}g:—{(cosn—c080)=~;(—1—1)=—T-I
a0/2=1/1t
1 1 y
aH:-j-_-c-J.f(x)cosnxdxzﬁ _[O-cosnxdx+fsmx-cosnxdx
-7 -7 0
1] :
ie., a, =; I sin x cos nx dx.
0
. : 1. , :
Using sin A cosB=7‘_sm(A+B)+sm(A~B)_;

=
al-

T
I ; {sin(x+nx)+sin(x-??l’)_’ dx
0

- = _‘. ‘sin(l+n)x+sin{l-n)x: dx
2n : ;
0
1 T
= on J isin(n+1)x~sin(n-1)x|dx
27

Vo
_ {—COS(H+1)x+Mm where 1 = 1

n+l n-1 0

m|,_,

1 _
[ ccos(n+1)m-cos? +—] cos(n—-1)m~cos0-

Using cos0 = 1,coskn = (-1 ) and rearranging ,
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_ 1 1 -1 e, 1 a1
a”—Zn{[n+1 ;‘:—1}+[r1+1( D +ﬁ'—1( D J}

. IR Y IEREUES
P B B B E S A o S
o2 | 42 n+1 i1
' { 2 1Y]
— 1 _;i_}_(_] H [( _1__) +( 1) L
2n | 421 Lo+l n-1 J|
1 _ 1t 1 1 W -1
=l (-1 | e 1y t=1/-1=-1
n = * ) (n+1 n-1 (=1)
2n | 42 {
,.i :2_ + ])” ___2 L
2n | ym -1 n-1j
-1 : n
a, =~ - “14+(-1) } where 7 = 1
n{n"-1)

Now we shall find a, when # = 1. Thatis to find a,

T
1 .
We have a, = I5111x COs 1Y dx
T
0

e
1 1 s1n 2x
P M = = N :' - - 5 _- - - e eee———
utting n 1,:11 i Jsm; cos x dx - j 5 dx
Q 0
ie a __1.l——COS_2\' 7 - T_ﬂ_l__(chzﬁ_ﬂqo)_“_](]_l)_o
PTonl 2 T an ST Ty -
=0 and a = S i1+ (1), for m £ 1
4 " n(nz—l){
1 n 1 JO k4 1
"= jf(x) sinny dx = T_t _{ 0 . sin #vx dx + Isin x sinnx dx
-n -7 0 [
] T
ie., b, = T jsinx sinnx dx
0

cos (A-B)~cos(A+B),

M| =

Using sinA sin B =
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n
1 1.
b = - Iz ‘eos{x—-nx)--cos{x+nx) dx
0

T
= J.gcos(l—rr)x—cos(]Jrn),\' dx
2n0

T

1 )

o chos(n—l)l‘—cc)s(n+1)3‘ dx, since cos{—-0) = cosH
0

2n n-1 1+

T
1 ysin{(n~-1)x sin(n+13x
sin(n-1)x sin( ——}——L where n # 1

-X)

bn = 0(n # 1) since sinkn = 0 for integral values of k.

Now we shall find b” when # = 1. Thatis to find b].

T
We have b” = J. sinx sinnxydx
0]
1 1
Putt _ =L T gny o sinvde = & [ sin?xdy
utting n = 1,0, = j sinx - sinx dx n J sin® x dx
0 {
n T
) 1 1 1 sin 2x !
ie., blzn Jz(l—cosh)dx:jﬂ [x—--zx,
Q . £
: (n—-0) 1 ince sin2x = 0 in0
= - - =, sl si =0 = s1
n 2
b1=1/2, bn=0 for n # 1
Let us consider (1) in the form,
@, e
flx) = > +a, cosx + 3 a, cos M.T+b.l sinx+ ¥ bn sin nx
n=2 n=2

Thus by substituting the values of the Fourier coefficients, the required Fourier series
is given by
fy=2+ v —Zh 14 (=1)" cosnx + » sinx
= = - - -1y ax 4+ —
oD n(nt-1) 2

To deduce the required series we shall first put x = 0
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1 o
0) = — —_— ] -1 1 -1 0
SO = LTy, D

Also  f(0) =0 aswehave f(x)=0in —n <x <0

1 - -1
ie., 0=—-+3 3 1+ (-1
T2 n(n-1)
-1 -1 = -
fe., _=_1 3 21 [ 1+(-1)"+
T T n -1
ie., 1::%—31— 1+(-1)"
2 -1
1+1 = 2 when n is even
-1y =
But 1+ ) {1—1=0whennis odd
= 1 1 = 1
1= > = (2)or == Y% 5
n=246- n’ -1 2 n=2,4,- n* -1
U 373715 35 o 271373557
Next let us put x = n/2 intheFourierseries.
T 1 = -1 ; nl nr 1
f{—}: i D DR iT+(=-1)"[cos 5 + 5 -1
2 h=2 n(nz_]). 2 2

Also  f(n/2)

sin (n/2) =1, since f(x)=sinx n0<x<n

i - -1 ' am 1
ie., =+ e — 1+ (= 1) cos im o+ =
on ngz r(n*-1) | 2 T2
-1 - 1 :
ie., 1 - 1.1 = = Y = {1+(-1)"" cos nn
2 T T — 2 _1 )
n=2
TI:—2 —1 - | HTT
ie., =— 1+(~1)"" cos =
27 T HE:Z ]12_1 : : 2
-2 ” 1
ie., 11:_2_ = -3 — {2) cos %ﬂ
H=2 4, 6 -1 -1
. 1{_—2*___._1_ TE+"1_ 2+L s3C 4+ - - -
ie., 7 = 3 cos 15 COs 27 35 €08 3K
But cosTt =—-1=cos3n, cos2n =1
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9. Analternating current after passing through a rectifier has the form
iy sin® for 0 <B <7

j=<
0 for m < 0 <2n

where IO is the maximum current. Express I as a Fourier series in (0, 2m)

>> The Fourier series of period of 2n is given by

ac

a . cosn® + 3 b sinnd (D
1 n=1

i7
[=f(8) =5+

n

[ I

We have to find the Fourier coefficients by using Euler’s formulae for the interval
(0, 2m)

121': 1211 12?1:
0 = | f(e)de, a, = [ f(0)ycosnoan, b - [ f(o) sinnodo
0 0 0

Each of the above integrals after splitting into two integrals in the range (0, =),
(7, 2n) and substituting for f{8) will give us
' ‘T by
. 0 .
_[sdeB, a :---—I51n8cosn9d8, b =
I T H
0 0

Py

I

T
0] . .
ay = ; 6‘- sin O sin n9 46

0
b

These integrals are same as in the previous problem and hence the Fourier coefficients
are as follows.

21 -1, |
A, =—, 8 = ——5-" 1+(‘“1) ‘Ifﬂil,ﬂ =0
0 n 4 TC(?TZ—I) ' !
170

b =0 if n=1 and b]=-—2—

Thus by substituting these values in (1) the required Fourier series is given by
I, w 1 . " } I
I=f(6)=—+ - P1+(-1)"| cosnd +  sinB
LT ReRo1) 2
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10. Obtain the Fourier series for

kin (-

_ - s UJ N N _Tt —_ _ PR
fix)= {+k it (D n) Hence deduce that 1= 1 + +

)| =
|
3|

>> The Fourier series of f(x) definedin (~-n, n) having period 2n is given by

on s

a
f(x) = 50 + a cosnx + y bn s5in nx (D
n =1 =1

n {0 n
1 1 |
a, = If(x) dx = -n-ij.f(x)deF j_f(_‘t) dx
-n

-7 0
aozl j—kdx+jkdx‘- :kj[—xJ +[x) }
n - 0 [ Tt[ - 0
_.E ) 0 I_{}
ao—n-—(0+n)+(n— ) =
a0/2=0
n [0 7 i
a :-1— jf{r)cmnrdx:l{EJ.f[x)coc;nrdr+ _‘-f(x)cosnxat‘;ri
-n -7 0
K |
1
a, = <; —k cos px dx + j kcosnxdyx
[
. 0 ‘
; . 0 o,
=k1‘—i _sm__nﬂ‘ +{-§M£} '> = {), since sin0 =0 = sinnx
T Lo # :
! - J—n 0 ‘
a, =0
n

1 . l
= - _[ Flx) sinnxdx = -
T

1] n l

_[f(\) sin nxdx + J f(x) c,mnxdx[
0

A

|
i
"

£ 0
b” = 4 j —ksinnxydx + j ksinnydx!
T | - .
L ; l
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k 1 cosnx cOs nY
b [ 4 L — + —_ e e
" T ¥ 2l i
| —n “0
k _ k
=-— (l-cosum)—(cosnum—1) = — (2-2 cosnm)
T n
2k '
b= 2 oy
nomn ! ( ”

Thus the required Fourier series is given by
< 2k_ [ H Is s
fx)y= 3% i 11-(-1)" smnx
=1
1-(+1)=20if n is even

— p— n:
But I-(-1) {1_(—1)22ifﬂ is odd

4k = 1 .
flx)=-—= s -~ sin nx
L
£ _ 4k |sinx + sin 2x . sin 3x + sin 4x N
)= o1 2 3 4

To deduce the series let us put x = n/2.
Then f(x) =k since f(x)=kin0<x<m

Hence the Fourier series becomes

4k 1 1 I . 2 L {5
k:n(1—3+5—---J,smLemez]—-—l,bm(z]-—l
n 1 1 1
Thus 4--1—3+5~,7,+‘

11. Find the Fourier series of

[1+2—x-in—rc<x£0 2 1 1 1
f{x)= n, Hencededuce that — = -, +—= + —5 + -~
’ 2y . 8 12 32 52
1-"= i 0=x<nm
T

>> The Fourier series of f(x) definedin {-n, m) having period 2n is given by

a - w
flx) = 5t Y4, cosnx 4+ ¥ b, sinnx

=1 n =1
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o b

sJreae gL Jr )

x 0

T
-7 kY
_ S
1 2 2
X + +lx - ‘
n n n ‘
14 o !

3; 3'0—(~n+n}+(n—n}—0_- =0

=0

1TI
p jf(:r) cos nxdx

-1

{ T
1
— If(x) Cos nx dx + If(x) cos nx dx
T 0
0 oy no 5 i
] { - '
- j 1+ AJ cos nx dy + J Ll - --EJ cos nx dx
4 k i T
-n 0
0
1 |1¢ 2x ) { sinnx ) 2% - cos nx
i ‘ Ll + - - ‘ _ — | ‘ _.__.i___
T L I n ¥ T[J X H
-m
s
2x sin nx -2 ~ COS "X 1
+ 1 P LT - — i |r\
n n m 12 |
o ]
sin it = 0 = sin0
2 '('l—coqrm)—(cosnn -1} = 2 (2-2cosnm)
n°n® ) 7t n?
4

ARSI
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-

n ) n
_[f x) sinnxdx = ij.f(x) sinnx dx + jf(x) sin nx dx
o 0

{
— T
1" \
b o= j 1+ — bmmd"}. + I {1 ety smrude
b TCJ
n ¢ i
_ 0 '
1 Zx j_gos nxy (2 —sin nx
Ton TE n T n?
-
n
{ 2x ) { — cos nx (—2Y( -sinnx -]
. s H m n J
’ 0
. 0 T
-1 {[1+%{)(ccasnx)} +!7[1—§J(cosnx):‘
n T { n
x 0
-1 |
=— (l+cosnm—cosnn—1] =0
147, '
bﬂzO

Thus the reqﬁired Fourier series is given by

= 4
flx)y= 3% ﬂ{l—(—l)"]cosnx
n=1 T H
AN 1—-(+1) = 0if »n iseven
But  1=(=1)"= {1—(—1):2ifnisodd
8 CO% nX
fo=5 3 O
o op=135.. H
8 {cosx cos 3x cos Bx
or f(x)zﬂ—2 12 +32+ 52—+---

Now putting x = 0,f(x) = 1. The Fourier series becomes
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Fourier series of even and odd functions

Definition : A function f(x) is said to be even if f(-x) = f(x) and odd if
fl=x)=-f(x)
5

For example, K s o , xé, ...cosx are even functions and x, v , X7, ...sinx
are odd functions.

Property-1 : The product of two even functions and that of two odd functions is
always even whereas the product of an even and an odd function is always odd.

']

!:2 J ¢ (x)dx if 0 (x)is even

+
Property-2 : _{ 0 (x)dx =

—f

0 if ¢ (x)is odd

Now, suppose the periodic function f( x) is defined in the interval (-7, =) then
the Fourier coefficients are given by

A n -
a(}:,lt Jf(x)dx, ﬂ”=11_t J‘f(x)cosnxdx, bnz}li I f(x) sinnxdx
- e

-7
Let us examine the following two cases.
Case-i: f(x) isaneven function

f(x) cosnx being the products of two even functions is also even and f(x) sinnx
being the product of an even and odd function is odd [Property-1]. Now applying
property-2 to these integrals we have

fy = -

=S
- |

. T
f(x)dx, a = i If(x) cosn_rdx,bn =0
0

Case-ii : f(x) isan odd function

f(x) cos nx willbeanodd functionand f(x) sinnx willbe an even function. Now
by property-2 we have

i
2 - ,
a,="0, a, = a, bn = Ij(x) sin nx dx
¢

Thus we can conclude that when x € (-, =), if f(x) iseven b =0 and if
f(x)isodd ay=0,a =10
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[o(x) in ~m<x<0
lw(x) in D<x<m

we say that f(x) isevenif ¢(—x) = y{x) and f(x) isoddif 6 (-x)=-y(x)

Note : If f(x) =

Examples

i

L f(xy= {

—x in - m<x<0
+x in 0 < x < m is an even function

2
]+'—Ein—~ﬂ:¢:1‘<0
s
2' f(x) = 21‘
1 - ; m0 <« x<a isan even function
.r—g in-n<xy<(
3. f(x)= n
X o+ 5 in{ < x<a isan odd function because

: L .= L n_ | n_ !
lflb(l)—l—zthenq)(—l)——x—z——E\x+2J_—1p(1)

[t ip —
4 f(X): ; kin -1 <x < 0

i+kin 0 < x < mis an odd function because
fd(x)=-kthen $ (-x)=—-k=—-yl{x)
5. f(x) = | x| isaneven function, since | —x| = | x|

The results are tabulated for readyv reference where f(x} isdefinedin (-n, =)

Nature & condition a, 5 a, - b, !
of f(x) | | e
Even function i m U I
f(=x)=f(x) | i _{‘f‘(_r]dl‘ i jf(x)cosnderg 0 :
e — T | —
Odd function ' n
f(-x)=-f(x) 0 0 i%ff(x)sinnxdx
0 :

Remark : We have already worked problems to find the Fourier series of f(x) directly by
applying Euler’s formulae when the interval of xis (~n, m) or (0, 2n). However, when
the interval of x is (—n, W)andalsoif f(x) iseither even or odd we can use the resulls
as tabulated above to find the Fourier coefficients thus making the computation work much
easier.
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WORKED PROBLEMS

[As a matter of comparison we shall obtain the Fourier cocfficients in three of the already worked
problems using the concept of even and odd functions|

Referring to Problem - 2: f(x) =" in —n<x <n

f(x)= ¥* and f(-x) = (—.\‘)2 = x" = f(x)Hence f(x) is even. So we have
n

: j_f(x) cosmxdx, b =0
]

2
= Jf(x) dx, a

alr

[==)L N - Jy e SRR

Pdx = 2
.

a, = X cos nx dx.

k= ]

Applying Bernoulli’s rule,

2{— S it
gnzglxz(sﬂl_lﬂw_(zx)‘_g’_f}?tw+2£ su;n_”f
\ J ) n }0

4(—1"

a = 2 [ x cos nx] 42 (meosnm—0) = (n2]_)_

Referring to Problem - 10.

~kin-m<x<0
fx) = {+kin[}<x<n

o (x}Yin-nm<x<0

vix)in0<x<n “Vhere

Let f(x) = {

d(x)=-kwy(x)=+kNow ¢(-x) =~k = —y(x)
Therefore f(x) is odd.

2
Hence we have a, =0, a_ =10, bn: _[f(x)sinnxdx
il

i} H
0
2 2% [ " %
Now b :—Jksmnxdx=—--l_§9§ﬂ} :-_——(cosnn—l)
nox o n mh
0 L (}
b =2_k-;1—(—1)”-

nomn
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Referring to Problem - 11. f(x) =
1 - o inld<x<mn

2 .
If ¢(x)=1+—;—f and w(x)zl—-%in_f(x),wehave

pi~xy=1 - li_x =W (x). Therefore f(x) iseven.

T ™
_ 2 " 2
Hence we have A = 7{ _[_f(x) dy, a, = . J.f(.r) cos HXY dx , bn =
0 0
2 2x 2 2T
Now az—j 1——-1dx:-- x—-}':(),;a 0
U n n | | 0
0 / 0
27 2
a = - LI - == | cos nx dx.
n TEO n/}

Applying Bernoulli’s rule,

- . N . - T
. _2;[1 21)(5111;1,\'1 f—ZH—cusnrH
e e R R
- )]
-4 [ nl]ﬂ
= — [ cos nx
thf?z v
. - 4 ; i
A, = 575 (cosnm—1) = S i1-(-1y:
" TEZ?’IZ ?1'2 ”2 :

12. Obtain the Fourier series for f(x) = sin( MY} in the range (—m, ®) where m is
neither zero nor an integer.

>> The Fourier series of f{x) having period 2r is given by

a o
flx) = W X A,cosnx + 3 bosinnx A

no=1 vo=1

N

We shall check f(x) = sin(mx) for even or odd nature.
fl-x)=sin(-mx) = -sinmxy = -f{x)
fl=x) = -f(x) and hence f{x) isodd.

Consequently 4G =0,a =0

1l
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n

!I

n

2 . 2 \ .
; If(_r) sinwnxdx = E j sin mx sinnx dx
0 4]

1 1
Using sin A sinB = 5 ©08 {A-B)-cos(A+B). weget

n
J; COS(HI—‘-"I)X“COb(m'HI)l dx
N

n

. . H
1| sin(m-n)x _sin(m+n)x
m-n m+

()

Note : [t is important to observe that sinknt = O only when k is an integer. Since m is not
anintegerbydata, sin (m—n)n, sin (m+n)n arenot equal to zero and the simplification
is carried out as follows.

b =—| ~— sin(m-n)n-sin0; - - ‘sin(m+n)n—sin0:
f — 7t ' T T '
. 1 _ L
= —— SIN{MR—17N) — —— sin(MA+N1)
m—n m+n |
1 [ : :
= — { SINFHIT COS MTT — COS T SINHTL)
! 1 m—n
1 ) .
— = {( SINMT COS U+ COS MT Sin AT )
W+ it
; P 1 1

= = { sinmm cos UL | ———= — =~ - - oL
l i M- |

(Here sinnn = 0, siwe n =1, 2, ...)

1 i . ) |f. 2.‘!
b == ¢sinmmcosnn | ~ 5
i

F.
"oom |. 1112—1-12 J
AN

2n(-1)" sinmm
n m2 _ n‘2

Thus by substituting the values of a,, a , b (1), the Fourier series is given by

o 2 _1 i
sin{(mx) =3 1 )" sinmn Sinnx
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13. Obtain the Fourter seriesin (-n, m) for f(x) = xcosx
>> The Fourier series of f{x) having period 2m is given by

a = -
f{x) = —2-0- + ¥ e cosnxy + ¥ b osinnx (D
=1 IR
We shall check f{x) = xcosx for even or odd nature.
f(=x)=-xc¢cos{-x)=-xcosx
f{-x)=—f(x) and hence f{x) isodd.

Consequently a,=0, a =0

n n
b, = i J.f(x) sinnydy = i _[ X COS X sin nx dx
0 0
2 T
ie., b = — jxsin FX Ccos X dx ... {2)
it T
0
1,
Using sinA cos B = > s (A+B)+sin(A-B), wehave,
2t
b” = . Jx 3 isin(n.x’+x)+sin(u.‘r—x) dx
¢
) E: n ]
= I xsin{n+1)xdy + _[ rsin(n-1) xdxs
0 0

[

Applving Bernoulli’s rule to each of the integrals,

_tl o es(arlyx 0 sin(nalx |
n n_ n+1 (”4_1)2 b
1] Os(n-1)x in(n-1)x T
+ = Y . - cos ( ??._.___.)_2‘_ - 1. = .&ln n 2)_£ : ,(H + 1)

1] -1 . L 1y ;-
:n{gzllﬂcos(?l*'l)ﬂ—o]—”_1 [ncos(n~1)m UI}

Here sin(n+1)n=0=sin{n-1)m, since n =1, 2, 3, ...
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fcos(n+lym cos(n-1)m|

n o n+1 -1 J
ot IEELERE
_ oyt el
n+1 n—1 J
1 1 | (-1)"2n
=(-1 n <| L B
( } I "+ ] + n—- 1 [ ”2 -1
2 _ 1 H
NETTES Vi

n -1
We shall now find b” when n = 1. Thatis to find bl'

Let us consider b as given by (2}:

T
2 _ :
n = E I xsinnxcosy dx. Putting n = 1 weget,
0
2 2 [ sinz
. 2 sin 2x
b, = - I xsinx cos xdx = - j X o,y
0 0
1 f1s
bl = I xsin2xydx
(4
1 (—cos 2x {—sin2v )|
b= x| T s T
n = g \ 4 X
= e X Ccos2x | - sin2m = 0 = sin0
= o lxcos2y|p e = () =
-1 -1
:2-11-(]'[ cos2g-0) = '2 eocon2n = 1
b, = -1/2

1
We shall write (1) in the form

i - .
. 0 " , . .
F(x) = > + Y a4, cosnx+ b sinx+ Y r’.:n sin #x
-1 Nom 2

Thus by substituting the values for the Fourier coefficients we have,

-1 . “ Yu({~-1) .

X oSy = — sinXx + ) --—(-'—" )— sin 1y
2 2

n=2 H -1



FOURIER SERIES OF EVEN & ODD FUNCTIONS 39

14. Expand the function f(x) = xsinx asa Fourier serics in the interval -1 < x < .
Deduce that
11 n-2

13 35 T57 T 7]

>> The Fourier series of f(x) having period 27 is given by

a cosny + 3 b osinny 1)

a
0
f(l}z 2—+
1 n =1

1

ok

We shall check f(x) = xsina for even or odd nature.
f-x)y=(-x)sin{(~x)=(-x)(~sinx) = xsinx

f(-x) = f(x) andhence f(x) iseven. Consequently b =0

n m
2
N =% J-f(x) dx ; a, = x If(:r) cos nx dx
0 0
211
aO—ijsinxdx.
0
dy = 2 (x(—cosx}—(l)(—sinx)TA But sinm = 0 = sin(
T L ]
ie., By = %r_ (mcosm—0) =2
a0/2:]
21’[
= — I xsinx cos nx dx -{2)
n T
0
. . 1. . )
Using sin A cosB=7<51n(A+B}+sm(A-B) we have,
21’!
a”:E_[x 5'_sin(x+nx}+sin(x—nx) dx
1]

= I

n
= Ix cisin(1+n)x+sin(l-n)x’ dx
0

But sin(1-n)x = sin|~(n-1)x = —sin(n—1)x
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m n
1 1
a, = x I xsin(n+1)yxdx ~ E j xsin(n—-1)Yxdx
0 0

Applying Bernoulli’s rule to each of the integrals,

A [, meos(nal)x gy —sin(n ‘! J___xlj
T n+1 (n+1)
1 ~cos (n-1)x J x|
- E [J( . _C_OS_?:_EI_T__)_“X - (1) - —_%_l_l‘lg_—z)l] An#1)
(n—-1) of

But sin{n+1)n =0 =sin{n—-1)r; sin0 =10

1] -1 T 1 Jcr:-:Js(rrt—l)xTI
a, =—| -~ xcos{H+1)x  + B
H n+1 o T n-1 o

=]

1
b= B

n+1

=

(-1 [ on
:T_ [ncos{fIJrl)n_o]} = _{n;l' cos(n—l)n—O}

_cos(n+l)m N cos{n—1)m

n+1 n-1
IERLEN! IEELE
=—1£1} T+ (=1) . since cosknz(—l)k
n+1 n—1
a2 ‘ a1 [ o132 11
R PP IU D SR DA ol S Y
n+1 n-1 | H-1

Bt (-1)y'=1/-1=-1

1 1] 2 2(-1)"tt
=(-1 [ o =(—-1 L OV . S
a,=(-1) {;Hl n—lf (—-1) I 3
2 _-1 n+1
a, = (72)--— where n # 1
n -1

We shall now find a, when # = 1. Thatis to find a,

Let us consider 4, as givenby (2). Putting # = 1 we have

T
) 2 sin 2x
a, = xsinxy cosxdy = - | x —— dx
i 2
]

2
17 g

ey S—
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m
1 1
a = _[xsin 2xdx = - 5 (Asin b, of Problem -13)
0
a4, = - 1/2
:10 i
Substituting bn =0 in(1}wehave f(x) = 5 + Y. a,cosnx
=1
e
ie., f(x) = > +4,COSX + 3 a4, Cosnx

n 2

Now substituting the values of ay/2,.8,, a4, (n# 1) the required Fourier series is

given by
. 1 oo 2(_1)”*’1
xsinx =1 -+ cosx+ Y ——"—— cosnx
2 nz—]
n=2
To deduce the series, let us put ¥ = /2.
. +1
m . T 1 T (-1 nm
2 -1 - AT ) S L 0
5 SN 5 5 COS 5 ¥ 2 cos
=2
- 1
: n_ (-1t e T
ie., 2—1+2 3 2] COs 5 since .smzw],cosz—o
n=2 7

. T -1 1 3n 1
iLe., 2~1—2(3 c05n+8c052—15c052n+--»]

m-2 1 1 A _
ie., 5 = 2 [3 ~ 15 +—-»-j, sincecosT = —1,cos2n = 1,cos (3n/2)y = 0

n—-2 1 1 1
Thus == =13 735 " 57~

15. Sketch the graph of thefunction f(x) = | x| in —n € x < %t andobfainits Fourier
series.

1 1 1 m
Hence deduce that =5 + S+ —, + 0 = 3
1 3 5
>> f(x) =] x| in ~7 £ x £ n means that the function must be positive in the

given interval which consists of negative values and positive values. Hence the given
f(x) may be split into the form,
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L _j—xin -m<xy <0
f(l)_{ﬁ-x in 0<x<n
The equations y = x and y = —x represent straight lines through the origin with

slopes 1, -1 (Lines subtending angles 45°, 135" with x- axis) and the graph is as
follows,

F 94

: : >
-n 0 T x
The Fourier series of f(x) having period 2n is given by
a, -
f(x)=5+ > a,cosnx + 3 b sinnx (D
n=1 no=l
Wesshall check f(x) = | x| foreven or odd nature,
flmxy= | —x| =[x | = f(x)

f(-x} =f(x) and hence f(x) iseven. Consequently bn =0

1 e
2 2
ay = - jf(x) dx; a, = - j_f(x) COs nx dx
0 0
Here f(x)= |x] =x for x € (0, n)
n 3 it
_2 _2yx | 1 s _
ao—njxdx—n[z} —n(n—O)—n.
0 Ry
a,/2=m/2
21’5
a, = . j-xcos nx dx.
0

Applying Bernoulli’s rule,
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. T
2 sin nx W — CO8 X
a = |x|— | -(1 —tos X
" T [ [ H ) ( ) [ ”2 /I:L
2 . |
=, [cos nx],, since sinam =0 = sin0
7 H
2 5 .
= 55 (cosmm—cost) = 5 (cosnn=1) = 4 (1-cosnn)
nn H n
-2 ni
a = — |l_(__1) L
L T :

Substituting t

f(x)
To deduce the
F(0)
ie, 0=3%
_ T

2

But  1-(-1)" ={

he values of By, W, bn in (1) the Fourier series is given by

= s ,
=3+ % 3 I1-(-1)"; cosmx
n=1 n

series let us put x = 0 in the Fourier series.

n 2 2 1 .
-t _ = e 1-(=13y"" .1

> T o % 2 (-1)

271
D EE S D

by 21: n2

2 = 1 2 1 o
- = 1-(=1" or T =% Sl (=1)"

n ; n? 4 1 "

'1—(+1) = 0 if n iseven
1-(-1) = 2if n is odd

th = 1
Hence we get, i D -5 (2)
n=1,35.. . H
2
1 1 1
8 12 3 5

16. Find the Fourier seriesin (-, 1) for the function f(x) defined by

T+x in(-mn, -m/2)

fix) = n/2 in(-w2, 7/2)

n-x im (w2, n)

>> f(x) isdefinedin (-n, mn) and the Fourier series of period 2n is given by
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a i s
f(x)= EO + 3 a,cosax + ¥ b osinax (@)

o= =1

We shall check f{x) foreven or odd nature by writing f(x) as follows.

' . |
Interval of x | (-n, -n/2) : (-n/2,0Q) (0, w2y ! (w'2,m) J

———— __.___..____!._. e e e . -

| f(x) ¢ mex

n/2 /2 : T-X |
: e (xyin(-m 0)

e f(x)_{ur(x)in([},n)

where ¢ (x) =7n+x or /2 and ¢y (x)=1n—x or n/2

¢ (—x)=mn-x or /2 = ¥ (x) and hence we conclude that f(x} is even.
Consequently b, = 0.

T i
2 2
a, = - j_f(x) dx, a, = - jf(x) cos nx dy
0 a
) Iv’z T , -2 i
s
ag = - ‘J.f(x)dx+'[_f(x)a’x n%. 2--dx+J.(rc—x)dx
{0 2 k(] ns2
T
s n/2 [ 3.'21 ]
= — 15 [x] + | x — ;
0" x |2 17, 2 |
/2
C2fnfn_ N (2 @ TR )2 s
“xl2l277) 272 8)[ T8 T 1
a,/2 = 3n/8
/2 mn ]
_g J‘f - ;d +j . .d,
a”—n UJ(J‘)COSHJ X flx) cosnxdx
n2

2 T l
n
= = I— cos nx dx + J. (T—x) cosnxdx
2 1
0 T2 i
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/2 T n
2 | nfsinnx sin ux [ COs AX |
q = = __: S +’7(T[—'}']"""" _ (_]_).__
noom |21 L " ?12
N 4] n2 /2

- 2 _I[__ in ”TE 0|+ ;l (U _ FL ﬂ) _ ._1_ ( . _ .E \'..
“n )2 5 3 o L 5 sin 3 5 .COb AT — COS 2 };
=2

HTT
= . | CO8 A — COS ?
i ).

=]

__—i | H IIT[]
a = 2{(—1) —cos—i--f

nu

Thus by substituting the values of ay, 4, b, in(l), the required Fourier series is

given by

LN I S I .
fl(x) = g + 3 nnz{( 1) cos z}cosnx
Even and odd nature of f(x) definedin (0, 2m)
f(x)issaidtobeeveniff(2n—x) = f(x)andodd if f(2n—x) = —f(x).

We note that cos x is an even function since cos ( 21—~ x) = cos x and sin x is an odd
function since sin (2 —x) = —sina.

Further we have the standard integral property :

it
o 2_{ flxydx if f(x) is even
[ foyax=1"°
0 0 if f(x) is odd

If f(x) is a periodic function of period 2n defined in (0, 2m) then the Fourier
coetficients are given by

1 g 1 an 1 2n
T jf(x)dx, 4G = thﬂcosnxdx, b”:;t' jf(x)sinfrxdx
0 0 0

Let us examine the following two cases.
Case-i : f(x)isan even function,

f(x) cos n xbeing the product of two even functions is also evenand f ( x ) sin nx being
the product of an even and an odd function is odd.
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The Fourier coefficients with the application of the integral property becomes

4

n
2 2
7 o jf(x)dxr“,fzn If(x)cosnxdx, b =0
0 0

Case -ii: f(x)isan odd function .

f(x)éosn x will be an odd function and f(x)sinnx will be an even function.
Accordingly the Fourier coefficients with the application of the integral property
becomes

f(x)sinnx dx

p—
|
=
=
il
&
kol
B
b= R
o QY SR

Thus we can conclude that whenx € (0, 2n), if f(x)iseven!
odd a0=0,an=0

= Oandif f(x)is

7
H

Further it should be observed that the results in respect of the Fourier coefficients
mvolving f(x) defined in (0, 2n) are same as in the case of f(x) defined in
{(—m, m)wheref(x)iseven or odd in the relevant interval.

0{y) n0<x<m

Also it may be noted thatif f(x) = {W (x)inm<x<2m

we say that f(x) is even if ¢ (2n—-x) = w(x) and f(x) is odd if
o (2m—x}=-y(x)

WORKED PROBLEMS

[As a matter of comparision we briefly discuss Hiree of the already worked problems using the
concept of even and odd functions)

Referring to Problem -1 f(x) = T 2—x_ in (0, 2m)
oo Bo(2m-x) omex -(r-Xx)

f(x)isoddin (0, 2rn} and hence a, = 0, a, =0

T A
2 . 2 T—-X . )
bnz-TE If(.x)snwrxd:tzn J——z—smnxdx
0 0
bjs
b ! j(n—x)%innrd‘f _ | n integrati
”_“0 s Xdx =, onintegration.



FOURIER SERIES OF EVEN & ODD FUNCTIONS 47

Referring to Problem - 3 : flx)=x(2m—x) in0 < x < 2
f(2r-x) = (2n-x)(2n-2m-x) = {(2n—x)x = f(x)

f(x) isevenin (0, 21t)and hence b, = 0.

n T
2 2
aﬂzg jf{x)dx’an:,; If(x)cosrzxdx
0 {}
m il
3 4
a, = n I (21t.1:—x2)rfx = —-3-—-, on integration.
0
2 4
a = — j (2mx - x? Jeosnxdxy = — ,on integration.
"oom 5 n’

: _Jx,
Referring to Problem -6 f(x) “Ji2n—x, 1<y < o

d(x)=x in 0<x<2g
V(x)=2i-x in n<x <

Let f(x):{
O (2n-x)=2m-x = wy(x)

f(x})isevenin (0, 2n) and henceb” = 0.

s i
2 2
‘QU:]{ If(x)dx, a, :E ff(.r)cosnxdx
0 (

m
2 . .
ay = = I xdx = m, onintegration.
- ;
0]
T
2 -2 n . .
w == I xcosunxdy = —5 1T-={(=1)":,0on integration.
n 4 T

17. Obtain the Fourier series representation in (0, 21 ) of the function f( x ) defined by

L
—(2n-x)" in (m, 2m)
>> Inthegiven f(x) let ¢ (x) = x¥* and V(x)=—(2n—x)?
Now ¢(2n—-x}=(2n—x}2=-—w(:{)

f(x)isoddin (0, 21 ) and hence a4 =0, a =0
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2

T
b =2 If(x)sinnx dy = -- 2
L

x“sin iy dx
T

Do A

. B B
2 . ¢ - P '_\:
p =2 |2 [_ﬂ?f?__“‘f; NSk syt [ cosnx )
T e Lo n”
5[
== ’ . (TEZCUSHTE—O} + 0+ -%(cos:m—l )W
e | n 1 |
— E n+1 _4 H j
bn_ ﬂ( 1) + n3 (1) —1J‘

Thus the Fourier series representation of f (1) is given by

-

f(x)= ¥ V:(-n"” N {(—1)’21}} sin ny.
mn

18.  An alternating current after passing through a full wave rectifier has the forn
I=1,]sint |, O<t<2m where 1 is the maximum current, Express Las a Fourier

“ 1 1 1
series and hence deduce that 5= + g_;_ + 57 + -

>> Bydata [ = f{{) = | sint | in (0, 2n)

[ Iy sint in (0, m)
I=f(t) =" L
. FO ="y sint in (x, 21)
since sin ¢ is positive if 0 < ¢ < 1 and negativeif © <t < 2n
[cp(r) = ], sint in (0, m)

Let I:f“)z'lw(t):—-fusil1t in (m, 2n)

O (2n~t) =l sin(2n-t) = —Iysint = yt)

f(t) isevenin(0, 2n) and b“ =0

2 T 2 T
ﬂ():}E _[f(t)dt, xlﬂz-]:c _[f(f)cnsntdt
0 0
2 T 21, - - 21, 41
n(}:n _ffosmfdi:---ﬁ [—cosf]nz---n— {—1—1)=-'—TE-—

0
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aU/2=2IO/TL

20 ©
g = n_ J sin f cos nt dt
0

Refering to Problem - 8 for the integration process we have

ST |
5 —:14(-1)" forn#1 and a, =0
m{n —-1)

nH

We have Fourier series in the form

il s -
f(t)y = 20 + ¥ a,cosnt + ¥ b sinnt
n=1 =1
21[) o -2 .‘0 : :
Le., fity= -+ R I N | y? i cos nt
n wo2 Tl =1 )
21 41 o
t
Thus f(by = 0t cosnt
n n n= 2' 1, 6. n _1

To deduce the series let us put + = 0.

fOr+f(2m) _0+0 _
5 - -

’ 0

f(0) =

The Fourier series becomes,

21, 4, 1
O:_' o Z 2 .
n n n=2=2,4,6 n -1
ik S U P SO S
LE. r  m |3715 35
1 1 1 |
'Ih " - = —+ —+ ————— + -------
Y 271.373.5 5.7

19. Obtain the Fourier series expansion of the function

X m 0< v <nm
f(x)_{x—%t i m<yx<2n
: n_,_1 1
Hence deduce that 4-1—3+5_

>> The Fourier series of period 2 is given by
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a =S £
f(x}=30+ 2 @,cosnx + 3 b osinnx
=1 n =1
Inthe given f(x), let ¢ (x)=x and w(x) = x-2%n
p(2n-x)=2nm-x=~(x-2m) = ~y(x)

f(x)isoddin (0, 2n}and hence 4=0,a =0

bis T
2 _ 2 .
b = _[f(x)smnxdx—n éfx sinnx dx

0
2 —cos Hx" sinmx V|
bﬂ:_ x[ = =1} ___i
o no B b
_ _2 -
b =—mcosnn = —(-1)
" TH H
2 _1 ﬂ+1
b = (-1)y "~
H

Thus the required Fourier series is given by

on 1+
f(x) = Z ) g(_l)_ — sinnx

n=1

To deduce the series let us put x =na/2. Then f(x)=n/2 since
f{x)=x in (0, m). Hence the Fourier series becomes

e EERLEN
=2 : -1n) —sin "

ISl

Expanding and noting that sin ( 3n/2)= -1,sin(51/2) = 1, we get
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2

20. Iff(x)z[%} in 0 <x < 2m, show that
flx)= ﬁ + Y O3 Hence deduce that
’ 12 1 n*

(i)
@ 5= y- gty ot

s
(iii) L T .

>> The Fourier series of peried 27 is given by

a e o
0 , P
f(x) =5t Y a,cosnx + ¥ b osinnx
n=1 n=1

2
Consider f(x) = [ n;_x]

T2 —x) x—n Y\ n—xf
PRTE . FS) SR St

Il
=

f(x)isevenin (0, 2rn) andhence b,

4

n
2
”Ozi" _[f(x)dx, anz-n- J.f(x)cosn.rdx
0 0

2 " (n-x) | ((n P | 1

2 fimsxy o L LEX) R P
aU_n({ 4 & 2n| -3 L 611('0 )
a0/2=1t2/12

n 2 T
_ (n_x_)___ e . 1 2
a, = (‘)[ 4 0s Yy dx = - (J]. (m—x)" cos nxdx

Al
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Applying Bernoulti's rule we get,

1 > { sinnx [ ~cosnx ) [ sin na
a = -— | (n-x) -—---————'—(—2)(;:—1') +(2) ! =5
- [ 5 Rl
-1 -1 1
= - [(n-x)cosnx |} = (0-m) = —
ni” ¢l n>
a = 1/n*
H
Thus the required Fourier series is given by
T—X 2 2 = Cos
- b C nx
f(x) - [ 2 ] - 12 + Z nz
To deduce the series, we first putx = 0
(0) = fOHC20) _ (m2) 4 (=m0
f - 2 - 2 T4
Hence the Fourier series becomes,
2 2 2 2 .
m i 1 7 1
— = — 4 Z R or . — = =N s
4 12 P 4 12 1 2
2
” 1 1 1 1 _
Thus 6_12+22+32+42+ (i)

Next let us put x = 7 in the Fourier series.

2 wn 2 - 1"
n  COS NTT - -1
0=3+ 3 " or D
! 1 4 12 1 n-

Th‘_ls !T_ - — = = + - — I IR P {li)
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Fourier series of arbitrary period

A function f{x) need notalways be defined in an interval of length 2% only. When
the length of the interval is other than 27, we shall denote it by 21, A general interval

of length 2/ be {¢, «+2/). ltis important to note that the sine and cosine functions
& ™ g

nx fomx
L;j and cos | J
justified as follows. )

Let F(x) = sin (E;i]; G(X):cos[??]

mx

{

of the form sin are periodic functions of period 21 It is

Then F(x+2l) = sin{

(x+20) = sin{

Y
+2n‘
)

= sin (?W =Ff(x)
r
Similarly G(x+2l) = G(x).
As already discussed in the article 1.4 the trigonometric series is of the form
[

o |
2 P

+ ¥ a,cos {EEE + Y b sin
a1 ’ n =1 .
If f{x) definedin (¢, ¢+21} satisfies Dirichlet’s conditions then

ﬂ 3 \' . -
- T
f( X) = 20 + 3 A, Cus (m:t ‘ + zl [,” ¢in { _”_:'_YJ

n=1 J Ho

is called as the Fourier series of arbitrary period 2 1.

Proceeding on similar lines as in the article 1.4 we can establish Euler’s formulae for
the Fourier coefficients in the form

. c+2 _lr+2f . N
| NI
a, = 7 j f{x) dx,a” = jf(x) cos ‘ I ‘ dx,
r N N 4
c+2

1 o nmx
b, 7 jf(x) sin ._\- r id)f

;

Working procedure for problems

D If the period of the given function is other than 2 we first equate the period to
21 and obtain the value L.

b

= We then write the appropriate Fourier series and compute a,, a,, b

associated with it.
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= However if f( Jé)' is defined in an interval of the form (-1, I)or (0, 2I) we
_cancompute a,:-4a,, b, using the concept of even and odd functions taking the
{ollowmg table mto consld(,ratlon

| Natire & condition *  a e b
. of f(x) _
Even function 2 !
f{-x)=f(x) ; jf(r)dr Jf(x)ms-—l—d.x 0
or 0 ; 0 i
_fQx) = £ o
Qdd function ! 5 ! . f
fl-x)=—f(x) 0 | 0 51 Fx) sin 2 dx)
! H ! .
f=x)y=—-fx)y S DR
WORKED PROBLEMS
21.  Obtain the Fourier seriesof f(x) = | x| in (=1, 1)
111 LS
Hence show that F + - 22 + 52 + o= ry

>> The period of f(x) =1-(~!) =21 and the Fourier series of period 21 is
given by

Ay = - hmx - . HTX
fix}y = 5 +”%1 a, cos ",r_*“iEIbn sin =7 (1)
We shall check f(x) = | x| foreven or odd nature.
fl=x)=]-2] = |x{|=f(x)
Hence f(x) is even and consequently b, = 0
2 ! 2
nmyY
1= J‘f(-r) dx; a =7 jf(x]cos 7 dx
0 0
2! 2 [ 2] 1
HOZTJXdXZ'E|::%:| _I(iz O]_f
{1 : A
ag/2=1/2

!
2 1
4, =7 jx Cos % dx. Applying Bernoulli's rule,
]
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{
. nmx nmx |
sin — — Cos —— |
L2 ! (1) I
a = - - —— - ===
mod (nn/l) ( nm/l Y /
2 o
2 ! [cos Mmﬂl 2 {cosnm—1),
= oo - 7= 55 (cosnm -
I 2 ! b AP
~ 21 nl
ﬂn = ;2—1:5 ( 1)
Thus the required Fourier series is given by
o =21 RTTX
FG) =5+ 5 5 [1-(=1)"! cos "M
2 o= nZ ﬂ:z !
To deduce the series we shall put x = 0 which gives f(x) = 0 and the Fourier
series becomes,
20 =
O0=2 -5 % S 1-(-1y
27 2 % 2
ie “"—".2"55-1— I-(-1)" or o v -—1—-1—(-1)”5-
o 2 TEZ 1 ?1'2 n:] ”2 | |
~ n_ J1=(+1) =0 when 5 1s even
But I=(-1) —]{1—(—1)=2whennisodd
- 2
T 1 ) 1 1 1
- = S 2 or o=y L
4 n=]§'§ " 8 12 27 g

22, Obtain the Fourier series to represent

fxy=x-x* i -1 <x <1

>> Hereperiodoff(x) =1-(~-1)=2 . 21=> or [ =1
The Fourier series of f(x} having period 2 is given by
a,

flx) = —2— + % a4, cos (nnx) + Z b”sin(rmx)
Since the interval is (-1, 1) let us check the given function for even or odd nature.
= —x-(-x l = —x-x”
flx) is nelther even nor odd.
We shall find the Fourier coefficients by Euler’s formulac

F(x)=x-2" o f(-x)

which is neither equal to f(x)
nor equal to ~f( x). So
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1
1 1
1 : xZ x3‘|
. a0=1‘,[f(x)d.x:_[(l'—xz)dx:[z _ 3J
: -1 5 »

'.%:-[.;_.lé}_{%%]:%z

a0/2=-1/3

1
a, =% If(x) cos (nmx ) dx
-1

1
a, = I (x- x2) cos {nmy) dx. Applying Bernoulli’s rule,

-1
. A 1
sin [ HAX cos ( Hmx sin{ HTLX
an‘ - (x—xz) SEIA _) _ (1—2):) Lo _(2 i__}_ + (_,2) R _Lq_)
314 nom |
1 1 . i
=—23f(1—2x)cos(nm‘)w , since sinam =0
H-m - -
- cosmm-3cosnm = - cos nm —4c )
n? . 2 >
-1 n+1
4=
n°n
1 |
1 . 7.
bn =7 Jf(x) sin{ nmy ) Jy = j (v—x") sin(nnx) dx
-1 -1
. 1
g2y T lmy oy T SNOIRE) (g co%gxﬂ
nn nont "o
-1
-1 2 -
bn = _m; 0-(-2cosnn) — 7373 {COS N —COSHM ) = ﬁ (—1)”
n
2
- = (-1 ntl
" nn( )
Thus the required Fourier series is given by
-1 4 = (-1 n+l o 1 n+1
f(x)y= 5 +~- S Gl cosmtx+% 3 ( Y~ sin #itx
3 T " nt T H
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23. Draw the graph of the function

nxindsx<l

f(x):{n(z—x)inlﬁxéz

and also show thai the Fourier expansion of the function f{x) is

2 n| 12 32 52

n 4 [cos X cos3mx  cos Omx
: : + - + +
>> Graphof f(x) =y
f(x) =mx or y = mx isaline passing through the origin in [0,1]

f(x)y=m(2-x) or y =M(2-X) OF WX +Yy = 2n or %C + 2"’; =1
in [1, 2], which is a straight line passing through (2, 0) and (0, 2m). The graph
is as follows.

Ay
[.01 27{) "-,_
y = o y=m{2--x)
50,00 (.0 2. 0) >

Here f(x) isdefined in{0, 2] and periodof f(x)=2-0=2
20 =2o0rl=1

The Fourier series of f{x) having period 2 is given by

frd e )
f(x) = 29 + Ea”cos(nnx] +3 bnsin(nnx)
1 1
12 1 P
a =7 If(x) dx = If(x) dx + J.f(x) dx
0 0 1
1 2
ay = I mx dx + Jn(2-x) dx

0 1
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2

f(x) cos(nmx) dx+jf(x) cos { nmx ) dx
1

il
I SR

1 2
= J X COS ( NTx ) dx+J. T(2-x} cos(nmx) dx
¢ 1
1 2

T J. xcos(nmx) dx + _[ (2~x) cos (nnx) dx
G 1

I

Applying Bernoulli’s rule to both the integrals

sin{ nnx
g =g l|y SRtemx) o cos(nmx)
H AR n* 2
0
2
sin { nnx) cos ( nmx )
[ (2mp) SO gy co (n7
L nm w2
1
: 1 2
= 5% {Frcosrme -[cosnm} } since sinnw = 0 = sin 0
mn - 0 1.
1
=7 (cosnn—cos—cos2nn+cosnn). But cos2nm = 1 = cos 0
L4
1
a,= "5 (-2+2 cosnn)

L4 B
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59

-2 J n
= ——1-(-1
a4 = 5 11-(-1)"
2
bnz%dff(x) sin ( amy ) dx
1 2
=If(x)sin(nnx)a’x+ff(x)sin(mrx)dx
0 1
1 2
= I X sin(m:x)dx+_[ T{2-x) sin( nux ) dx
0 1
1
- . Zeos(nnx) . Tsin(nmx )
=1 {x - (1) n2n:2 }
0
_xy . ZCos(mx) L
+[(2 x) -~ (-1)
o 1 2 L
= E{[x cos(nnx)]o +[(2—x) cos(nm)]} ;
= _n_ ~:‘(cosnn—0)+(0—cosnrc), =0
b =0

n

The required Fourier series is given by

f(x) =

But 1—(-1)" :{

Hence f(x) =

Thus f(x) =

1-(-1)"]

2 [ cos ( nrx )

-1
] 2
H

[+ 2

w=1

I-(+1) =0 if n is even
1-(-1)=21if nis odd

n 4 g €os ( nmx )

n_ 2 R

2 n n=135 . .. H

T _4[cosmx  cos3mx  cosSmr
2 m| 12 32 52

Now putting x = 0 wehave f(x) = 0 since f(x) = nx in0, 1}

~sin ()

A

2

|

1
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The Fourier series becomes

T AL L1 m a1 1
2 w12 32 52 R
A
2 1 1 1
Thus T T R

Aliter : (Using the concept of cven and odd functions)

f(x)isdefinedin (0, 2) which is of the form (0, 21).

Inthe given f(x) if ¢ (x)=mnx and y(x)=n(2-x),
O(2-x)=0(2-x)=mn(2-x) = y(x)
f(x)isevenin {0, 2)and henceb = 0O

|t
- | 3
— |

1
a, flx)dx, a = Jf(x)cos(n.ftx)dx
0

nxdx = 7 ,onintegration.

=
Il
o]

)
=
il
2
o Y — T b —

L x cos ( nIx ) dx

1

1l
[
|

—_—

-
i)
-
wn

-
-y
=]
bt

"
=
s

1
—
|

—_—
|

[y

A

1+-4'—rm:-§<x£U

3 2
flxy =

4x < 3

1- 3 m(}_xc-;,3

2 :
1 I 1

Hencededuce that = = 5 + =5 + — + ..

8 T 2 a2 g2
>> f(x) is defined in the interval (—3/2, 3/2 "]

period of f(x) = 3/2 - [—3/2 j=3 2=3o0rl=372

We shall check f(x} foreven or odd naturc,
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dx 4x
If ¢(X)-1+3—,¢(—1}—1—-3—w(r)
f(x) is an even function. Consequently b =0

The Fourier series of f(x) having period 3 is given by

f(')—E+maco' X + 3 b si \—--—W
Rl v Z ARV

i o / ce 2
Le., flx) = ?U + > a, cos [ —2”;:—9(} +3 b, sin ( r;n_x_}

1 i 1

Since f(x) isevenwe have,

372 !
2
an=3/2j.f(x)dr smcea :T{E[f(x)dx
43X2 1
) X )
Le., Guzgj(l—?Jdl
0
4 27%2 40(3_2 9)
== |x - = === - - —0}:0
3[ 3L 31(2 13 4) j
a0/2=0

!
2 { X _ 2
a, = 35 E!f(x) cos | 3 ] dx  since 4, = 7 [3[ f(x) cos —~ dx

4 4x nnx
=3 ['!. [] - ?] cos { 3 J dx. Applying Bernoulli’s rule
=372
iy 2 2nmx
o=t 1o ) D 5 (o) T
no3 3 2un/3 3 ( 2n7/3 ¥ b
372
4 -4 9 l _Hf2rmx]1/ oo .
= — . - . . . _ COos R : - N, 0% _
33 a2 3 )] T e
4
d, =" 11-(=1)"" ora = 8/n*n? where n =1, 3, 5,
" HZ TI:2 i b
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Thus the required Fourier series is given by

8 = 1 2nm |
f(x)=-— 3 —cos{"--—--J
n2 n=13>5_ . nZ 3

Putting x = 0 weget f(x) = 1. The Fourier series becomes

[y
1l
|
1
N[
Q
-
|
|
I
i
+
|
+

25, Obtain the Fourier series for f(x) = ¢ " intheinterval 0 < x < 2.
>> Theperiodof f(x)=2-0=2 .. 2f=2o0rl=1
The relevant Fourier series is given by
a = -
f(x) = i—+§]:ancosnnx+§bnsinnnx D
2

2 2
2y = Jf(x) dx, a = _[f(:r) cos ntx dx, b, = _[f(x) sin mx dx
0 0 0

(In each of the above integrals 1/1 = 1/1 = 1)

: 2 1 -1
Ly _ _3 e -
aD=Je ‘dxz[-e X}o = (e -1)=1~ 5=~
e e

0
a2 = (£-1)/ 26"

2

— - X o]

a, = I e " cos umx dx

0

,e'l_r
We have _{eﬂxcosbxdx= 5 {acos bx +bhsinbx)
a“+b
-2
E—_\’

a, =| 575 ( — cOs MTX 4+ NI SIN HTEY )

| 1+n°m y

-1 7 _y z . .
= —5 % Lc> *cos mtxl - sin2nm = 0 = sin{
1+02 10 )
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JAx
We have I ¢ sinbxdx = — - (asinbx—bcos bx)
+
[ -x
b, = ¢ 55 (= sinnmx —nm cos nax ) |
| 1+n°m
S—.L [e Ccos mi:rlz L 1
1+n2n2 R 1+n27r2 &
y - mm(ef-1)
" ez(1+n2ﬂ:2)
Thus by substituting the values of 4., a_, b (1), the Fourier series is given by
f(x) = 82_1 - 8—2_1 - COS MY + 5 —m—(ﬁz_l sin #mx
&> 1 e (1+n2n2) 1 ez(l+n2n2)

26. Find the Fourier series of the periodic function definedby f(x) = 2x — x> intheinterval
0<x<3

>> Theperiodof f(x)=3-0=3 . 2/ =3 or [ =237

The Fourier series of period 2! is given by

HTLX nmx
a, cos W + Z b sin T

i

0
flxy=>+
2 1 n=1

n

1 8

The relevant Fourier series is given by

ﬂ oo v o
f(x)——+2a cos -2’;— + 3 b 2’;” (1)

1

We shall find Fourier coefficients from Euler’s formulae for the interval (0, 3) with
reference to the Fourier series (1). That is

2nnx

3 3 3
ag:%é[f(x)dx, a, = z[g"f(x)cos-—d ?,,‘%(S[f(x)sm -

dx

L |

In each of the above integrals 1// = 1/(3/2) = 2/3
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3

xz-x} :3 (9-9)-0' =0
T

a0/2=0

.ﬂ

’%
2 2
=3 6[ (2x — :(2) cos —— dx.

Applying Bernoulli’s rule,

. 2nmx 2nmx . 2nmx
5 sin =3~ —-COos —— —sin 3
a, =5 [(2x-2") 5 T -(2-2x) o e #(=2) 0 o
3 2nm/3 (2nm/3) (2nn/3)
3
2 9 2HTX
=§74 73 (2- h)cos—-g---L
n
The first and third terms vanish since sin2nn = 0 = sin{
3
a, = (2- 6) cos2ng—(2-0) cos i = ——— (-4-2)
" 2
a = ~9/n? 72
2 2. . 2nmx . .,
b, = 3 J-(Zx—x ) sin 3 dx.  Applving Bernoulli’s rule,
0 .
3
2nnx . 2nmx 2nnx
5 2 - COs —sin — cos
b = (2x-x")- - - (2—-2x) - el (B —
o3 2nm/3 (2nm/3 ) (2nm/3)° b
2| -3 2nmx 54 [ 2nmx
N 2% — D eos ==
3 {2?1 {( % ) cos 3 } PG l\co‘; 3 }I
=-2— _—3]'(6—9)03521111—0 -%43 cos 2nm —cos 0
3 nm Bn'm
2 J -3 3
- -3 -
3 | 2nm ( )} Hm
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b = 3/nn
Thus by substituting the values of fy. 4., b in (1) the required Fourier series is
given by
- -9 2nmx >3 2nRx
flx)= ¥ — - < 8In
n——-l"znz 3 n§1 ﬂﬁ. 3

27. Obtain the Fourier series for the function f(x) = 2x-v* in 0< x <2
>> Comparing the given interval (0}, 2) with (0, 2/ ) we have
20=2 or 1l =1 Bydata f(x) =2x(2-x)
flA=x)=f(2-x) = (2-x)(2-7T7%x) = (2-x)x = f{x)
f(x)isevenin (0, 2)511(1 hencebn =0.

1

1
4y = :il ('!lf(x}dx, a, = ‘;2 ('][f{X) cos(nmy)dx

}

Il

1 ) 3] ,
a, =2 j(Zx—xz)dx = 2[):2*5-—! =2H]—
0 L 0
au/2=2/3
1

Ll
—
!
=
.
I
W |

a =2 I (2x—x) cos ( nmx ydx. Applying Bernoulli’s rule,
0

r ; : - - ~ i s
a =2 (ZY_XZ)@_(FI_E._)_(z_zx)._q{'?.sq(iffu_) +(_2)__51.n(nnxJ '
" L "o n
0
2 r 1 2 - —
= —— 2-2 s nmx = = T 0=2c0s0 1 = ——
nznzL( ¥ cos )JU o o? TR
= —4/n 72

The Fourier series of period 2 is represented by

2 - -

0 , N

flx) = 5t X a,cos(amx)+ Y bosin(nmx)
n=1 a4 =1

Thus the required Fourier series is given by
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+ 2 5 jcos(nmx)

n=1 B N

Wi | k2

flx)=2x-x* =
Note : The problem can be worked divectly also.

28. Obtain the Fourier scries of the saw-tooth function f(t) = Et/Tfor0 < t < T given
that f(t+T) = f(F) forall £ >0
>> Wehave2/ = T or ! = T/2and the associated Fourier series of period 2/ = Tis
given by
id o Tt Y - . :
f(f) 2 ' nzl aﬂcnb {mj : n%l bHSin {T/‘?‘

!

, ( 2nmt 2nmt
ie., f(t)y = 5t > oa,cos jj,—n J + 3 b sin ( }jrn
1 :

1 .

A

We compute Fourier coefficients by Euler’s formulae.

T T
1 1 i 2nmt
ﬂozﬁ jf(_f)dt,a”:f/z J.f(f)co.s\ T--}Idt‘
0 ) \
T )
b= ny J’ (1 ‘ 2nmt ) it
AL o
0 4
2 ok Pk
_ 2 [ Bt t E +2_4,_
aU_T-[Tdr_T“ L= (TR0 -
U 1
aD/Z =E/2
2 / E 2 20 j 2
t 2t 2F nnt
a, = r I T Cos ff o= 2 J Cos dt
0 0
.2l _ 2nmi
o sin os =

a TP [P
" T2 { 2nm/T) (2nm/T )2 \

A

= 2—152 [2 , {cos 2Zut—cos0) = Q
TS 4n"n
a =0
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I
2 E 2t
bn:T 7 J.tsm—?,— d
0
T
( cos 2nmt cin Inmt
| _ i g
R R L
T L (2nm/T) (2nm/T)"
E 2nmt ! E E
- —— f . = - !i' a _ = e
T { cos —r :‘“ nnT( cos 2t —0) s
b, =—-E/nn
Thus the required Fourier series is given by
E E = 1 . 2nut
f(t)_z_‘n: > - sin T
n=1
2-x in 0 < x <4
2 i x) =
% I fx) {x 6 in d<x<8
2 - 1
Express f( x) as a Fourier series and hence deduce that T s 5
8 no=1 ( 2n-1 )

>> Comparing the given interval (0, 8) with (0, 2/)wchave2f =8 or | = 4.
The Fourier series having period 8 is given by

7 . /
f(_r)=-22+ 3 QJIC()S!EI_XJ'F 3 Eansin‘%,??—t‘
=1 k8 n =1 k8
Inthe given f(x) let ¢ (x) = 2-x, y(x)=x-6
Now ¢{(2l-x)=0(8-x)=2-(B-x)=x-6=y{x)

fix)isevenin( 0, 8)and hence b =0

4 4
2 2
.530:4- jf(X)d.’(,i?n 1 Jf \)cost}mx dx
0 0 /
1 1 2Ty
A =5 J (2-x)dx = 5 {2,\;"%2-]‘ 3 [{8-8)-0] =0
)

0
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] X
a, =3 _{ (2-x)cos ”g-}: dx. Applying Bernoulli's rule,

0
. AnX AT
U Bl P
no2 {(nn/4) (nm/4 Y
)
-8 ! nnx -8
= gy €08, = oo COs nm—1,
nome 0 nn
8 7l 16
H = il 1 —_ ( — 1 ) f = - e where n = 1’ 3! 5" .....
no o 2a2 2 2

Thus the required Fourier series is given by

fy= % 15 cos [ﬂ]

2 2
n=1,3,5.. H T 4

To deduce the seriesweputx = 0. f(x) = 2-0 = 2and the Fourier series becomes
| 1 5
2=% 3 | orn—=15+'12+-£+
i n=1 375 n- 8 1 3 5

30. Find the Fourier expansion of the function f{x) defined by

0 in -2 < x <=1
flx)y=:2in -1 <x <1
G0 in 1 <x<?2

>> f(x) isdefinedin (-2, 2) and periodof f(x)=2-(-2)=4

Wehave 2/ = 4 or [ = 2. The associated Fourier series is given by

Ay - nnx 7 . HMX
f(x):E+Zchos '-E—-+Lbn51n—2-- .o (D)
n=1 1ol
The given f(x) can be written as follows.
Cmtervalofx | (-2, 1) (-1,0) (0,1 (1,2)

f(x) | o 2 2 Y
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¢ (x)in (-2, 0)
W (x)in (0, 2)

Let flx) = {

where ¢ {(x} =0 or2, W () =2 or().Obviousl_v O (-x) = W{x)

f{x} is even and consequently b =0

2 2
2 2 . iy
a():-z—".f(x)dx, a”=-2- Ij{x) cos -{2-—-dx
0 0
1 2 1
0 ff(x)dx+f_f(.t)d:r:J‘2d.r+[)=[2x{(:=2
] 0

=
It

1

a4/2 =1

2
a4, = | f(x) cos P;—tt dx + ff(x) cos _H;{ dx
1

C)l.___.'-—‘

1
= f2cos '”—;5 dy + 0
0
1
| sin @—Y] :
0 =2 —— 2 | _ 4 sin | 2%
no I/_(m[/2]b Coam 2

Thus the tequired Fourier series is given by

EXERCISES
Find the Fourier serips of tkefolfowmgﬁmchons over the indicated tntervals
1 f(:;):—1+,1,—n<1<n
2 f(;x)—x;0<1<2rt
3. f(x)znz—xz; TS X < Deduce that
@ f:z*;z+3lz'* o :?22 ®) Ilz_’r;z*:lz'*;%* =1§
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10,

11,

12.

13.

14,

f(x) = xsinx; (0, 2m). Deduce that

( i ____1_+_.1__ _T[:2
a) 13 735 7 57 3
= 1 3
by ¥ 3 774
n=2 1 -1

[x—% in (-7m, 0)
f(x) =

x+% in (0, ®)

T—-x% in 0€x<s7
f(x)_{x—n in t<x<2m

(_cosx in (—m 0)
f(x)_icosx in (0, ®)

(21 in ~m<x <0
fxy=1lo if x=0

L] in 0<x<nm

1
Hence deduce that I =1~ 3 +
f(x):t'z+x2 in 1<yl
1 1 1
Deduce that 5 + + .+
122 a2

_f(x)=1—2|x| in -1 £x

f(x}zxz—x in (-2, 2)
f(x)=x-x in (0, 1)
Deduce that -l,) + ---lj- + —17 +
1= 27 3
‘rf'—r in (-1, 0)
2 -
floy =17
|5+ xin (0, D

2

Deduce that oo
& 1
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r 2 )
15, Fx) = | x , (0, 1)
| ~(2-x) in (1, 2)
N2 8 in0<y<o
16. f(x) = —8in 2 <« x <4
0 In -2 < xy< -]
T+x in -1 <y <y
7. =
1 fix) (1-x) in 0 <y <]
0 nil<yrc?
18. Prove thatif -5 < ¢ < o and 4 is not an integer
2a .|' - __] H+ ]
COS4x = - - sinag ! —12 + ¥ i-—z—-}--z—- €OS Hx [l
!2& 1 R —qg |
- : 5 1
Hence show that 1—-—(?-?—;?-'“—”1:- = ¥ 3T
217_.- no=1 H —a
1 -
19. If 0 < x <271 show that YCOSX = Meos x — 5 Sinx -2 % —22— sinny
n=2 1" -1

20. Show that the Fourier series representation in (0, 27) of the half wave rectifier
f{t) defined by

fle)y =4 is
1[0 in (7,2T)
f(fJ=§+ > ——"2:,E'— Cos_mrt+ sin 2
T a2k w1 T2
ANSWERS
- n+1
1 -l+2 ¥ g-—%r)—— Sin nx
" ]
2 - -
4an COS uY S Hx
2, 3 +4§ 2 —4:1% "
2 - n+1
-1
3. 23— +4 ¥ L—-—;—— COS nx
p n
(:I)n+1
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10.

11

12,

13.

14.

15.

16.

1 ©COs HY .
-1 - =cosx +2% -5~ +nsinxy
2 7 HT - 1
]+ (_.1 ]r7+] ‘
Z [ SV, SR — S]J“L ”x
" H
4 - 1
g— + — 3 — COS$ X
n n=1,%5 .. "o
8 - 1
-3 ---2’— sin #x
n 1 H -1
4 * sinnx
Tt b n
1
a4 E( ) o 1T
d = - = cos
3 1'[2 1 1o !
4 = l ! I
- ¥ - i —(=1)" coshX
1112 1 ?12
4 16 7 (-1)" a4 (-1 L onmx
+ — Z (_ _;] oS - 4+ = >_‘ (.__. )._ sin I_
3 2T ot 2 T " 2
1 1 = 1 "
-5 3 -, CO8LNTIY
T 1 M
4} - 1 FTTX
I - —E Z 3 COsS _f
n=1,375- n-
e f 2( 1 n+ i ?
| -1 4 . o
) i - 1—(=1)" | sin (nmx)
i nn i
32 =1 NI
—— z — 5 n—
n T on? 2
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Half Range Fourier Series

[n an interval of length 27 we have seen that in general a periodic function of x will
have Fourjer expansion containing cosine terms and sine terms. Many times it becomes
necessary to have the expansion containing only cosine terms or only sine terms.

Toachieve this, the function must be defined in the interval ofthe form (0, / ) which
s to be regarded as half the interval. We then extend the definition to the other half in
such a manner that the function becomes even or odd. This will result in cosine series
only or sine series only.

Case-(i) : For cosine serips

Flx) = P (x) in 0, 7) as given
T T e (-x) in (=L 0) [assumed] to make f{x) even

Case-(ii) : For Sine series

f‘(‘)__[(p(x) ln{n; f}a'%glven
T I—cp (=x)in (-4 0) fassumed to make f(x) odd

We have already scen that in the case-(i) b” = 0 and in the case - (ii) ay =0, a =0

A, - ,
. o 0 25}
we have in the case - (1), fly) = X4 cos wh (1)

H =1

=

{ {
2 3 .
where a, = J_f( x) dx, a, = i J‘j{x) COs -}E}I} dx
0l 0

. .. nx
Alsoin the case (i), f(x) = 2 b sin- o7

no= 1

-(2)

!
where b, = ? _l‘f( X) sin r_r_}t.\_' dx

0

The series (1) which contains only cosine terms is called the cosine half range Fourier
series for f(x) in (0,7) and the series (2) which contains only sine terms is called
the sine half range Fourier series for Fx) in (0,1

Similar consideration hold good for (tLm) asitisa particular case when | = .
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T

Fourier Coefficients

e e
i f(x) ! Required Series
" Tin | Seres . = -
i (0, 1) '. Cosine series’. %y . - o T ) ! 1
| | ot Iaees T g=g [ |
! 0
| | 2 I ALY |
5 | | a, =7 L!f(x)cos—!— dx |
| ._t_o ’_?.) ._|_ S.i_r;ﬁe.l.-ies — .: i EJ_ Sln nn‘;r._. —_ 2_._.; PR . ._};.n't ——— ‘l
| Jr - ! ”:TIf(l)b]I'l I—'dx il
== N . _ - I R |
| (0, ) Cosine ay = ' 5 " :
| | series |4 % A, Cos nx ey = jf(x) dx |
| S @ - |
' . : 2
| | | anzg_[f(x)cosnxdx |
| — e N S + B '

(0, m T Sine series | S | 5 "

sin nx :
| | e i bn:; jf(x)smnxdx
: : 0.

L... JR— J— J— c— - I - —

Ulustrations : (i) Suppose we want to find the cosine half range Fourier series for
f(xy=1-xin (0, 1) Treating thisas ¢ (x) in (0, 1) we take
w(xy=0(~-x)In (—{, 0) sothatwehave
Clogxy -1 vin (0, I)as given
flx) = iul(:{') =1+ in (=1, 0) assumed
It may to observed that f( v} is even In (- !, !). Consequently bn = (0 and the

Fourier series is given by

a

0 - vine
f(.vc):—2 + 3,008 A1)
1
2JI 2II
where a, = T If(x) dx = 7 _[(I~r) dx
0 0
2! 21‘.
B, =7 If(x) cos ”-T;ﬁ dx = 7 j (l-x) cos EIE dx
0 0

The series represented by (1) on substitution ofthevaluesof a, and a4, is the required

cosine half range Fourier series for f{x) in (0, ).
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(ii} Suppose we want to find the sine half range Fourier series for flx) =2 in
0<x<m Treating this as © (x) in (0, ) we take
Wix)=-¢ (=x)in (-nx, Q) sothat we have

Flx) = f{p(.r)zxz m (0, n) as given
o w(x)zh(—,\')zz—.rz in(—n,(])assumed

It may be observed that f(x) is odd in (-m m). Consequently 4, =10, a, =0

and the Fourier series ig given by

flx) = i bn sin ny S (2)
n=1
s

Ak

o
2 2
where b, = If(x} sinnx dy = J‘ X" sin ny dy
S
0 0
The series represented by (2} on substitution of the value of b, is the required sine

half range series.

Note : In probiems of half range Fourier seyies we can directly assume the appropriate series
along with the CXPTESSIoNs for the Fourier coefficients as summarized in the table before,

WORKED PROBLEMS
——=== TRUBLEMS

31. Obtain the sine haif range Fourier series of flx) =2 in o<y < T
>> The sine half range Fourier series of the functionf( X)in (0, m) is

n
flx) = b b” sin nx where bn = i J-f(x) Sin ix dy

o= 1 {}
2 T
We have, b” = -- f ¥ sin nx dx. Applying Bernoulli‘s rule,
T 0
S22 s sina >, cosnx T"
Tom h n? n
10
2)=171 2 T 2 )
= - ——[x Cos ny | +()+—--q- Cos nx |
noon ) o By
2 (-1 2
= - i —= (‘JIZCOSHJI-—O) + 3 (cosmr—l)l
Ton "
2 (__ 1 n+1 2 2 .
bn--J_c { " ~n3[]—(~1)]
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Thus the required sine half range Fourier series is given by

co _ n+l _2
f(x) — Z % g___l _)_.. . _TE - -23 [lﬂ(——l)n] sinxnx
;T n n

32, Expand f(x) = 2x -1 asacosine half range Fourier series in 0 < x < 1

»»> Comparing the given interval (0, 1) with (0, 1) we have { = 1. The
corresponding cosine half range Fourier series is given by

ay -
flx) = 5t > a, cos HIX

o=

—_

1

2 27
where a, = 1 _[f(x) de, a, = 3 Jf(x) cos ey dy
¢ ¢
! 1
2
ag = 2 I(Zx—]) dy = 2[1‘ —xJO = ()
Y
1
a, =2 j (2x-1) cosnnxdx.
W
T in A7Ex HIT o
3in NI —CO% X |
- 2! (2x—1) SR gy TETE
L H JU
4 ] 4
= '—;[cos nm‘w = =5 {cosum—-1)
nwmob o m
-4 J H
a =-——; 1 1—-(=-1)
n nznzl }

Thus the required cosine half range Fourier series is given by

o

(x) = 1-(-1)"! cos nmx
33. Show that the sinv half range series for the function flxy=lax-x"in 0 <x < I s
g - 1 {2l
e |
i a0 (2n+1)

»> The sine half range Fourier series of f{x} in{ 0, ) isgivenby
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HILY
- ~ ‘" - r 1
fix) b” sin Y here

0=

!
2 . HTY
b = Y ff(x) sin '!-!,-- dx
i

!
= —? ({y-x%) sin {;?‘F dx. Applying Bernoulli’s rule,
n
i HTX . MY nmy i
} , T o5 T ~ sin =" cos == |
=y -y Il I T e (=2) T
/ | i/t J (nm/ty (nmsdy J|U

(Ix~y2 szeroat y = O, 1 and sin = 1) = sin )

-4 4£
b, = 3 3 (cosmm-1y = 3 3 11=(-1)"
o H'T

The sine half range Fourier serieg i« given by

4P

-y
Hxy=-7 %
"=

nmy
3 l=(=-1)" gy R
n ! | !
_ J"J =(+1) = 0 when IS even

l] (-1} =2 whep s odd

) 472 - 2 nmy
flx) = -3 > g sin =
e He=1,35 T
: &% - I nmx
i, If(x] = b 7 sin ;
T wivEs o

But 1, 3, 5 ... are odd numbers represented n general as (2p 4+ 1) where
=01 2 3 . Thus we have,



